REVIEW OF SCIENTIFIC INSTRUMENTS 82, 014902 (2011)

Thermal diffusivity of nonflat plates using the flash method
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The flash method is the standard technique to measure the thermal diffusivity of solid samples. It
consists of heating the front surface of an opaque sample by a brief light pulse and detecting the
temperature evolution at its rear surface. The thermal diffusivity is obtained by measuring the time
corresponding to the half maximum of the temperature rise, which only depends on the sample thick-
ness and thermal diffusivity through a simple formula. Up to now, the flash method has been restricted
to flat samples. In this work, we extend the flash method to measure the thermal diffusivity of non-
flat samples. In particular, we focus on plates with cylindrical and spherical shapes. The theoretical
model indicates that the same expression for flat samples can also be applied to cylindrical and spher-
ical plates, except for extremely curved samples. Accordingly, a curvature limit for the application of
the expression for flat samples is established. Flash measurements on lead foils of cylindrical shape
confirm the validity of the model. © 2011 American Institute of Physics. [doi:10.1063/1.3529431]

I. INTRODUCTION Il. THEORETICAL MODEL

The flash method is the most acknowledged technique to
measure the thermal diffusivity. In many countries, it is cur-
rently considered as a standard for thermal diffusivity mea-
surements of solid materials. It was introduced by Parker and
coworkers and consists of heating the front face of an opaque
plate by a brief light pulse and detecting the temperature evo-
lution at its rear face.' The thermal diffusivity is obtained by
measuring the time corresponding to the half maximum of the
temperature rise (¢12), which is related to the thermal diffusiv-
ity through the expression,

LZ

t1/2—0.1388D, (1)
where L is the sample thickness and D is the thermal dif-
fusivity. This procedure works under ideal conditions: uni-
form illumination, negligible pulse duration, and negligible
heat losses. When these requirements are not fulfilled, a fit to
the complete temperature history of the rear surface must be
performed.

Up to now, the flash method has been mainly restricted to
flat samples. In the last years, the flash method has been used
to measure the radial thermal diffusivity of rods, tubes, and
spheres.>? In this work, we extend the classical flash method
to measure the thermal diffusivity of nonflat plates. In partic-
ular, we focus on plates with cylindrical and spherical shapes.
First, we develop a theoretical model to calculate the temper-
ature rise above the ambient at the rear surface of cylindri-
cal and spherical plates illuminated by a uniform and brief
light pulse. Numerical simulations indicate that the effect of
the curvature is almost negligible, in such a way that Eq. (1)
can be directly used except for extremely curved samples. A
curvature limit to apply Eq. (1) is established. Flash measure-

The theoretical model is developed in two steps. First, we
recall the calculation of the temperature rise above the ambi-
ent of a flat plate illuminated by a brief light pulse. Then, we
extend this calculation to the case of cylindrical and spherical
plates.

A. Background: A flat plate

Let us consider an opaque flat plate of thickness L uni-
formly illuminated by an ideal Dirac pulse whose energy den-
sity is Q, (J/m?). Its cross-section is shown in Fig. 1(a). To
obtain the time evolution of this sample, we need to solve
the one-dimensional heat diffusion equation, which in the ab-
sence of heat sources writes

2T 19T
=0

oo 2
x> D ot @

Along this work T represents the temperature rise above
the ambient. Its Laplace transform is

&L2T
e ¢°T =0, 3)

where ¢> = s/D, being s the Laplace variable and T the
Laplace transform of the temperature rise. The general solu-
tion of Eq. (3) writes

T(x,s) = Asinh(gx) + Bcosh(gx), “4)

where A and B are constants to be obtained from the boundary
conditions, which in the absence of heat losses are

dT
P(x =0) = —K —

o . = 0,46(1), Sa
ments of the back surface temperature of cylindrical lead foils dx |, Qod(®) (5a)
confirm the validity of the model.

dT
. X Px=L)=—-K — =0, (5b)
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FIG. 1. Cross-section of: (a) a flat plate and (b) a cylindrical or spherical
plate.

where K is the thermal conductivity of the plate and §(¢) is the
Dirac Delta function. The Laplace transforms of Eqgs. (5) are

dT

P(x=0)=—-K — = 0,, (6a)
dx o
dT

dx=L)=-K — =0. (6b)
dx

By substituting Eq. (4) into Egs. (6), the Laplace trans-
form of the temperature at any point of the plate is obtained

T _ Q, cosh(gL) cosh(gx) — sinh(g L) sinh(gx)
9 =3, sinh(¢L) '

(N

In particular, the value at the rear surface writes

0, 1
Kg sinh(gL)

T(L,s)= 8)

By applying the inverse Laplace transform to these last
equations, the time evolution of the plate temperature can be
obtained. As there is not analytical solution for it, a numerical
inversion must be performed, using, for instance, the Stehfest
algorithm.*>

It is worth mentioning that an analytical solution of the
temperature of a flat and opaque plate after being heated by
a Dirac pulse can be obtained [see, for instance, Eq. (2) in
Ref. 1]. We have worked in Laplace space in order to intro-
duce the method that will be used for cylindrical and spherical
plates, for which no analytical solutions have been found.

B. A cylindrical plate

Now we consider an opaque cylindrical plate of inner ra-
dius @ and outer radius b uniformly illuminated by an ideal
Dirac pulse with energy density Q,. Its cross-section is shown
in Fig. 1(b). The time evolution of the temperature of this
sample is obtained by solving the heat diffusion equation in
cylindrical coordinates, which due to the cylindrical symme-
try writes

T 19T 19T
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whose Laplace transform is

d27+ 1dT+ T=0 (10)
arz rar 4TV

where ¢> = —s/D. The general solution of Eq. (10) writes®
T(r,s) = Alo(qr) + BHo(gr), (an

where J; and Hj are the Bessel and Hankel functions of zeroth
order. As before, A and B are constants to be determined from
the boundary conditions, which in the absence of heat losses
are

dT
d(r=a)=—-K —| =0, (122)
dr r=a
dT
dr=b =K —| = 0,80). (12b)
dr r=b

Their Laplace transforms are

_ dT
O(r=a)=—-K — =0, (13a)
dr
_ dT
O(r=b)=K — = Q,. (13b)
dr .

By substituting Eq. (11) into Egs. (13), the Laplace trans-
form of the temperature at any point of the cylindrical plate is
obtained,

_ Qo Jilga)Ho(gr) — Hi(ga)lo(gr)
Kq Ji(gb)H (qa) — Hi(gb)J1(ga)

T(r,s) (14)

As before, the Stehfest algorithm can be used to invert
Eq. (14) numerically in order to obtain the temperature history
of the cylindrical plate after the flash pulse.

C. A spherical plate

In a similar way, we study an opaque spherical plate of
inner radius a and outer radius b uniformly illuminated by
an ideal Dirac pulse whose energy density is Q,. Its cross-
section is shown in Fig. 1(b). The heat diffusion in spherical
coordinates with spherical symmetry writes

*T 29T 10T
— t-—7——-——=—=0, (15)
orz  ror D ot
whose Laplace transform is
d*T 24T ,—
—_—t —— T =0, 16
dr? + rdr +a (16)
where ¢> = —s/D. The general solution of Eq. (16) is’
T(r,s) = Ajo(qr) + Bho(gr), 17

where jo and hy are the spherical Bessel and Hankel func-
tions of zeroth order. Following the same procedure as in the
previous subsection, constants A and B are obtained from
the boundary conditions. In this way, the Laplace transform
of the temperature at any point of the spherical plate is
obtained
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FIG. 2. Temperature history of the rear surface of a lead foil 2 mm thick after
the absorption of an instantaneous flash pulse: A flat foil (continuous line),
a cylindrical foil with an inner radius of 1 mm and an outer radius of 3 mm
(dotted line), and a spherical foil with the same radii (dashed line). The inset
shows the shape of the curvature.

Qo ji(ga)ho(gr) —hi(ga)jo(gr)
Kq ji(gbhi(ga) — hi(gb)ii(ga)

T(r,s) = (18)

Note that Eq. (18) is the same as Eq. (14) but replacing
the ordinary Bessel and Hankel functions (of integer order)
by the spherical Bessel and Hankel functions (of fractional
order).

lll. NUMERICAL SIMULATIONS

By applying the Stehfest algorithm to Egs. (8), (14), and
(18), we have calculated the rear surface temperature rise of
flat, cylindrical, and spherical plates illuminated by an instan-
taneous flash pulse. We have studied plates with the same
thickness but varying curvature. The curvature can be quan-
tified by the ratio L/a, where L = b — a. Accordingly, the
smaller (larger) the L/a value the smaller (larger) the curva-
ture is. Surprisingly, the ;> value hardly varies with the cur-
vature. Only for L /a > 0.5, the difference in ¢, with respect
to a flat plate exceeds 1%. In Fig. 2, we show the normal-
ized temperature evolution of the rear surface of a lead (D
=24 mm?s~!, K =35 W m~! K) foil 2 mm thick after
the absorption of an instantaneous flash pulse. The continuous
line corresponds to a flat foil, the dotted line to a cylindrical
foil with an inner radius of 1 mm, and an outer radius of 3 mm
(i.e., L/a = 2) and the dashed line to a spherical foil of the
same radii. As can be seen, even for this extreme curvature,
which is shown in the inset, the difference with respect to
the flat plate is small. In Fig. 3, we show the overestimation
of the thermal diffusivity of cylindrical and spherical plates
when using Eq. (1) as a function of the curvature L/a. As
can be seen, only for L/a > 1 the effect of the curvature can-
not be neglected. This result indicates that the flash method
can be used directly for nonflat surfaces unless the curvature
is very pronounced.

Note that the calculations have been performed for adi-
abatic slabs. When heat losses are considered (conduction
and convection to the surrounding gas and radiation), Eq. (1)
cannot be applied directly, but a fit of the whole tempera-
ture curve must be performed. Anyway, the conclusion on the
small influence of the curvature stays.
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FIG. 3. Overestimation of the thermal diffusivity of a cylindrical plate (con-
tinuous line) and a spherical plate (dotted line) as a function of the curvature

(L/a).

IV. EXPERIMENTAL RESULTS AND DISCUSSION

To validate the theoretical predictions, we have measured
the rear surface temperature rise of several lead foils of the
same thickness (L = 2.0 mm) but different curvatures. We
have selected lead since due to its high ductility and mal-
leability it can be easily shaped. Moreover, due to its high
thermal conductivity the influence of heat losses can be ne-
glected. The scheme of the experimental setup is shown in
Fig. 4. The samples have been illuminated by two 3 kJ flash
lamps and their rear surface temperature has been measured
by an infrared video camera (JADE J550M from CEDIP) at a
rate of 800 frames per second. A 50 mm lens has been used
to collect the infrared emission from the sample surface. The
lens is placed at its minimum working distance (23 cm) from
the sample. In this way, each pixel measures the average tem-
perature over a square of 135 um side on the back surface of
the plate. Infrared filters in front of the flash lamps have been
used to cut their infrared emission. A variable slit is placed
around the sample in order to prevent direct light from reach-
ing the detector.

Only the temperature at the center of the foil is recorded
(see Fig. 4). There are two reasons for that: (a) due to the
curvature of the sample only this point is focused on the de-
tector array and (b) it is the region where the illumination
is more homogeneous, as required by the theoretical model

Flash lamps

IR ; ; - IR
ﬁlter\ filter

Variable slit

Measuring point

—

IR
camera

FIG. 4. Scheme of the experimental setup.
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FIG. 5. Experimental evolution of the rear surface temperature of several
lead foils 2.0 mm thick after being heated by two flash lamps. Foils of dif-
ferent curvatures have been measured: L/a = 0 (e), 0.125 (o), 0.20 (x), and
0.57 (+).

[see Fig. 1(b)]. Both sides of the foils have been painted with
a thin graphite layer (about 10 pum thick) to increase both
their absorption to the flash light and their infrared emission.
Moreover, the black layer at the inner surface of the curved
foil drastically reduces the multiple reflections of the emitted
IR radiation, which could falsify the temperature field seen
by the camera (especially for the sample with the largest cur-
vature). The effect of this thin layer on the accuracy of the
thermal diffusivity using the flash is less than 1% provided
the sample is much thicker than the paint layer (in our case,
2 mm against 20 gm).%°

We have measured the time evolution of the temperature
at the center of the rear surface of lead foils with the follow-
ing curvatures: L/a = 0 (flat slab), 0.03, 0.125, 0.20, 0.33,
and 0.57. The results are shown in Fig. 5. As they are almost
coincident only the results for four of them are depicted. Each
curve has been normalized to its maximum temperature rise
in order to better compare the results. As can be seen, in all
cases the asymptotic value is flat, indicating that heat losses
are negligible. On the other hand, the shape of the curves is
the same, within the experimental uncertainty, confirming the
small effect of the curvature. Only for the largest curvature,
L/a = 0.57, a small reduction of #;,, takes place, as predicted
by the theoretical model.

As we have used a quite thin slab for a so high ther-
mal conducting material, the #;, values are quite short (¢,
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FIG. 6. Power distribution of the flash lamp. Dots are the experimental data,
while the continuous line is the fit to an exponential law.
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TABLE 1. Thermal diffusivity values of lead slabs of different curvature.
The experimental uncertainty is 3%.

L/a D (mm?/s)
0 24.8
0.03 247
0.125 249
0.20 245
0.33 247
0.57 25.6

~ 0.026s) and, therefore, the finite duration of the flash lamps
cannot be neglected. Because of this finite duration of the
flash pulse, 7;, is longer than it would be for an instan-
taneous flash pulse. Accordingly, the thermal diffusivity of
lead will be underestimated if Eq. (1) is used directly. This
issue has been addressed by several authors.'®!'> We have
measured the power distribution of our flash lamp for its
six energy levels. It satisfies the following exponential law:
P(t) = (QD/N)(t“/r”“)exp(—t/r), where « and 7 are pa-
rameters which depend on the energy of the flash lamp and
N is a normalization constant in order to satisfy the condition
fooo P(t)dt = Q,. The power distribution for the highest en-
ergy delivered by the flash lamp is shown in Fig. 6. Dots are
the experimental data, while the continuous line is the fit to the
exponential law with « = 0.50 and T = 0.0023 s. The Laplace
transform is P(s) = Q,/(1 4+ s7)'*®. Accordingly, the effect
of the finite duration of the flash lamps is accounted for by
substituting in Egs. (7), (14), and (18) Q, by Q, /(1 +s7)"".
We have performed calculations for different values of o and
t for flat, cylindrical, and spherical plates and we can con-
clude that Eq. (1) can be used to retrieve the thermal diffusiv-
ity accurately provided 71/, — At is used instead of ¢ >, where
At = (1 4+ ) 7, in our case 0.0034 5.3

A final experimental remark deserves comment. For the
sample with the largest curvature, we observed an increase of
the roughness, together with the appearance of some small
cracks, at the inner surface. This indicates that the lead
reached the elasticity limit. That is the reason why we did
not try measurements on foils with higher curvatures.

The thermal diffusivity values for the six Pb samples, we
have measured are summarized in Table I. The uncertainty
of the measurements is 3%. Only the value corresponding to
the largest curvature slightly overestimates the lead diffusiv-
ity in excellent agreement with the prediction of the theoreti-
cal model. It is worth mentioning that although the model re-
quires a uniform illumination of the curved samples the use of
two flash lamps at right angle fulfils the uniformity condition.

In summary, in this paper we have demonstrated theoret-
ically and experimentally that the flash method can be easily
extended to nonflat plates provided their curvature, defined as
the ratio between the thickness and the inner radius, is smaller
than 0.5.
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