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Abstract: We describe the fundamental solution of the equation that is obtained by
linearization of the coagulation equation with kernel K (x,y) = (xy)*/?, around the
steady state f(x) = x~B+M/2 with Ao € (1, 2). Detailed estimates on its asymptotics
are obtained. Some consequences are deduced for the flux properties of the particles
distributions described by such models.

1. Introduction

Under rather general conditions on the kernel K (x, y), a symmetric homogeneous func-
tion in x and y, the Cauchy problem for the Smoluchowski coagulation equation:

of
vl oLfl, (1.1)

1 [~ 00
Q[f]=§/0 K(x—y,y)f(x—y)f(y)dy—/O K(x,y) f(x) f(y)dy, (1.2)
fQO,x) = fin(x), (1.3)

has a global solution f (¢, x) forallinitial data f;, (x) > Osuch that fooo( 1+x) fin(x)dx <
00. Moreover, this solution satisfies the same estimate for all > 0.

Equations (1.1), (1.2) describe the aggregation process of particles of mass x and
y with rate K (x, y), assuming that the distribution of particles are uncorrelated at all
times. In this context the quantity:

/ooxf(t,x)dx (1.4)
0

represents the total mass of particles in the system.
On the other hand, it is known that, when the kernel is of the form K(x,y) =
x¥yP + xPyP witha > 0,8 > 0Oand o + B = A > 1, the solutions to the Cauchy
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problem for the Smoluchowski equation undergo the so-called gelation phenomenon.
This means that there exists a positive time 7, < oo such that, forall t < T,

/Ooxf(t,x)dxz/ooxfin(x)dx (1.5)
0 0

and for all t > Ty,

/Ooxf(t,x)dx < /Ooxfi,,(x)dx. (1.6)
0 0

It is also known that when A < 1 gelation does not occur and mass is conserved for all
time (cf. [7,19]). Two interesting open questions are related with this phenomenon. One
is to describe the solution f as t — T,. We consider here the second one, which is to
understand the behaviour of the solution f after the gelling time 7.

Although no general result is known, several partial results indicate that before the
gelling time, at least for a large family of initial data, the solutions to the coagulation
equation decay exponentially fast as x — +00. The Smoluchowski equation (1.1) has a
discrete counterpart for which an explicit exact gelling solution was constructed in [14]
for K (k, j) = k j. Such a solution decays exponentially fast before the gelling time, and
as a power law after that time. The exponential decay, before the gelling time, was later
shown in [8] for the continuous equation (1.1), . = 2 and several initial data. Moreover,
it has also been formally shown in [4,8] that, for several initial data and A € (1, 2], the
solution of (1.1) decays, after gelling, like x~G*/2 as x — +00 (see [13] for more
detailed references). On the other hand, it was proved in [9] that x ~G**/2 is the only
possible power law decay for the solutions of (1.1) after gelation. Our main purpose is
to prove that for the coagulation kernel

K@, y)=@n*? re,2) (1.7)
and any initial data f;,, regular near the origin and such that:
fin(x) ~x" B2 a5 x 5 o0, (1.8)
the problem (1.1)—(1.3) has a solution f satisfying
Ft,x) ~a(t)x M2 as x > +oo. (1.9)

Moreover, this solution satisfies

d o0
- x f(x,)dx = —2ma*(t) forall r > 0, (1.10)
0

which was formally shown in [6] for the discrete equation. By (1.10) the total mass of
the solution f is decreasing. This loss of mass is a characteristic feature of the solutions
of (1.1),(1.2) after the gelation time. The choice of exponents A < 2 is natural, because
A < 2excludes instantaneous gelation or non existence of solutions ([3,6,18]) and A = 2
is one of the “explicit” cases which has been treated using the Laplace transform (cf.

(8D.
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In order to prove the existence of classical solutions of (1.1)-(1.3) after gelation we
will use the same approach as in [10, 11]. The starting point of this approach is to linear-
ize around an initial data f;, satisfying f;, ~ x~G*»/2 for x large and to derive detailed
estimates on the solutions of the resulting linear equation.

%8 — (. fin). (1.11)
ot
To this end we will need some rather delicate estimates on the asymptotics of the solu-
tions as x tends to infinity. Moreover, even to prove solvability of the linearized problem
(1.11) is nontrivial. We will obtain it treating this problem as a perturbation of the
problem obtained replacing f;, by its asymptotics as x tends to infinity:

dg

5 = L(g). (1.12)
In order to carry on this program we need to derive detailed estimates about the solutions
of (1.12). This will be the main goal of this paper.

The linearized equation around the weak solution x ~3*)/2 may be introduced more
directly as follows. Consider a solution f (¢, x) of the coagulation equation with an ini-
tial data f;, satisfying (1.8). If one is interested in the behaviour of f (¢, x) for x large
it is natural to scale the variables as follows: x = RX,y = Ry, = R~=0G-=D/2F and
f(t,x) = R~G*/2 Fr(7,%). In these new variables, Eq. (1.1) reads (Fg); = Q[Fg]
and the initial data Fj, satisfies now: Fg(0,x) = RC*/2 £, (RX) ~ (x)~C*M/2 a5
R — +00. The limit of the function Fr as R — +o00, if it exists, would then solve the
same Eq. (1.1) with initial data X ~3**)/2_ Therefore the linear problem (1.12) appears
naturally as the linearisation of the coagulation Eq. (1.1) in the region x >> 1. Notice,
however that in the region where X is small the function F is bounded and the approx-
imation by means of the power law X ~*)/2 cannot be valid. The analysis of that
region would lead naturally to the study of a boundary layer whose description requires
the analysis of the operator £. This will be made in a forthcoming work.

On the other hand, the linearized equation (1.12) has some interest by itself. It is
indeed a simple model to describe a set of particles at equilibrium, whose density dis-
tribution is given by x~G**/2_and where a small set of particles is introduced, whose
distribution ¢ (x) is considered as a small perturbation. The particles so introduced start
to collide both between themselves and with the particles in the background. The equilib-
rium density distribution x ~3**)/2 is then perturbed. The distribution density function of
the resulting set of particles may then be seen at any time ¢ as the equilibrium distribution
x~G*/2 and a remaining perturbation ¢(z, x). The linear equation (1.12) only takes
into account the collisions of the “particles in the perturbation” with the background
and describes how the distribution of these particles evolves in time. It neglects the col-
lisions between particles in the perturbation. This could be a reasonable approximation
as long as the perturbation ¢(#, x) remains small. Notice that the number of clusters in
the background as well as the number of particles (the total mass) are infinite (since
neither x ~G*%/2 nor x1=G+1/2 are integrable in (0, +00)), but the number of clusters
and particles in the initial perturbation are finite. Our results show the following:

— There is instantaneously an infinite number of “perturbed clusters”, although their
mass is finite.

— Ast — +00, the number of perturbed particles (the mass in the perturbation) tends
to zero, but the number of perturbed clusters remains infinite.
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— The total flux of particles is perturbed at ¢ finite but tends to the flux corresponding
to the original equilibrium distribution as ¢ — +o0.

Our results are obtained using classical Fourier analysis and the Wiener Hopf method,
in a similar way as we did for the linearized Uehling Uhlenbeck operator in [ 10] although
with an important difference. This is the regularising effect of the operator L, absent
in the operator studied in [10], and coming from the fact that L is similar to the half
derivative operator. The fundamental solution of (1.12) has then very different properties
than that obtained in [10].

In Sect. 2 we shortly describe the conventions used for the names of the different
constants in the paper. In Sect. 3 we state our main results and transform the integro
differential equation (1.12) to a Carleman equation in the complex plane. In Sect. 4 we
state the fundamental properties of the auxiliary function @ appearing in the Carleman
equation. This equation is solved in Sects. 5 and 6 using the classical Cauchy integral,
which gives an explicit solution. We prove in Sect. 7 that the fundamental solution
obtained in this paper is unique in a suitable functional class. In Sects. 8 and 9, the
precise asymptotics of the solutions are obtained. Section 10 describes how to solve the
initial value problem associated to the linearised coagulation equation. Some properties
of the fluxes of particles described by the solutions are considered in Sect. 11. We have
finally Sects. 12, 13 and 14 where some necessary technical results are collected.

2. A Guide about the Names of the Constants used in this Paper

In this paper we will use different letters to denote the numerical constants used in the
arguments. In order to make easier the reading we will describe the role that constants
with different names have in the arguments. Unless specifically stated similar names
will be used for these constants in independent arguments.

We will denote as C a positive constant whose value can change from line to line that
depends only on X and in the variables mentioned in each specific lemma.

We denote as ¢ a positive constant that can be made arbitrarily small. This con-
stant will be always an exponent appearing in estimate containing also a multiplicative
constant depending on €.

We will denote as § a positive constant, perhaps small and depending only on A.
Occasionally we will denote also as a similar positive constants appearing in exponen-
tial functions.

We will use g9, €1, ..., 81, 62, ... to denote small positive constants used in tech-
nical arguments. The names &, s will be reserved for variables which are sent to zero
or infinity respectively at the end of the argument, and the names &; s for constants that
must remain strictly positive until the end of the argument.

We will denote as B € R the names used to characterize some horizontal lines in the
complex plane used in contour integration arguments involving the variables 7, y, §.
The values Bg, Bi, B> are used to define the functions G, V and G in (5.1), (6.6),
(9.1) respectively. They take values in the ranges defined by (5.2), (6.13), (9.2). Due
to the fact that the three mentioned functions play a central role in the arguments, the
corresponding constants By, B1, B2 will be used repeatedly. On the other hand we will
use the names 83, fa, ..., Bio to denote horizontal lines in the variables y, & that will
arise in contour deformation arguments. These constants will be used only once.

Finally we will denote as y|, y» real numbers characterizing horizontal lines in the
variable Y = y — &.
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Other letters used for the constants are B that characterizes the domains D (¢, B), L
that measures the width of some strips of the complex plane and M that denotes a large
constant at two places.

3. The Linearized Equation
We start this section writing the precise expression of the linearized equation (1.12).

Proposition 3.1. The linearized equation of (1.1)-(1.2) with K (x, y) = (xy)*/? around

the solution x~G+M/2 jg
g
— = L(g), 3.1
o1 €9) (3.1

x/2
L(g) = / ((x -y - x_3/2) Y2 g(y)dy
0
x/2
+/ ((x -0 g(x —y) — xmg(x)) y ¥ 2dy
0
—x 32 / : Y2 g(y)dy — 2/2x D2 g (x). (3.2)

Proof. By the symmetry of the kernel K:

1 x/2 1 X
—/0 K(y,x =y fflx—ydy=; //2 K(y,x=y) fO)fx—ydy. (3.3)

2 2
Then we may write Eq. (1.1)—(1.2) as follows:
9 x/2
Lo [T e p = 3 =22 5] 2 F oy
-/ KGNS @ )y (3.4)

If we linearize around the x~G*»/2 define f = x~G*»/2 4 g and neglect quadratic
terms on g we obtain (3.1), (3.2).

Remark 3.2. The second term in the right-hand side of (3.2) can be seen as some kind
of half derivative operator applied to function x*/2 g(x). This will appear again in the
Fourier analysis that will be made later on the linearized equation.

Remark 3.3. In order for the first integral in the right hand side of (3.2) to be defined
we need y'**/2g(y) to be integrable at the origin. For the second integral we need some
kind of regularity of g(x) with respect to x, for example y*/?g(y) y-Hélder continuous
with y > 1/2. Finally, for the last one we need y*/?g(y) to be integrable as y — oo.
Assuming power like behaviours we then need bounds on g of the form:

() < Cy ™M as y — +o0, (3.5)

g(y) = Cy™P as y — 0, (3.6)
for some r > 1 and p < 2. We will solve the problem in functional spaces where (3.5)

and (3.6) are satisfied in some averaged sense because we solve (3.1), (3.2) with initial
value a Dirac mass.
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Definition 3.4.
E={ge M*R"); ||glls < +oo},

1 1
llglle = sup (R3/2—/ dg) + sup (RG*WZ—/ dg) :
R<I R Jir/2,R) R>1 R Jir/2.R]

where M* (R™) is the set of nonnegative Radon measures in R*. Forall T > 0 we define:
Hr ={g € L¥(0.T): £},
llgllH; = sup lIg®lle-

0<t<T

We state now the main results of this paper.

Theorem 3.5. For all xg > 0, there exists a unique solution of (3.1), (3.2) g € Hr for
any T > 0. satisfying
o

lim 8(t, x, x0) p(x) dx = ¢(xo) 3.7)

t—=0 /o

Jorall ¢ € C.(R*). Moreover g € C*°(R* x R*) and has the self similar form
1 ilx
g(tv-xa-xo):_g ([-x()2 7_51)- (38)
X0 X0

Remark 3.6. The self similar form (3.8) just follows from the rescaling properties of the
problem (3.1), (3.2), (3.7). Notice that due to (3.8) it is enough to restrict our analysis
toxg = 1.

Remark 3.7. It may be relevant to notice the strong regularising effect of Eq. (3.1) (3.2)
compared to other kinetic models like for instance the Uehling-Uhlenbeck equation
considered in [10].

Theorem 3.8. Let g be the solution of (3.1), (3.2) that has been obtained in Theorem 3.5.
Then, there exists positive constants § and €1, only depending on A, such that for any
0 < & < g1 the following statements hold: For all t > 1:

g(t.x. 1) = 172191 (0) + ga(t. o), (3.9)

where o is the self similar variable:

2

o =t*Tx, (3.10)

and the functions @1 and @; satisfy the following estimates:

3 4—x
a0 2+0, (672 %) for 0<o <1
p1(0) = [ " 8( ) (3.11)

apo” 2 +0, (J’(l*')"g)) for o > 1,

where ay and ay are two explicit constants,

bl(t)a_% +0 (t/\zj_‘so_%“s) for 0 <o <1
2 3 _g

. (3.12)
bz(t)GJTA +(9(lﬁ780 2 ) for o > 1,

p(t,0) =
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2
where by and by are two continuous functions such that |b1(t)| + |b2(t)| < C =l

Forall0 <t < 1:
rx3 +b3(t)x*% +O(1x3% for 0 <x < %,
_3+r _3+r 3+ _ s 3
gt x, 1) = aztx” 2 +bs(t)x" 2 +0O (l‘x 2 ) for x > 2 (3.13)
OE( ’17238 ) for 1> < |x —1| < %,

x—1127°

where a3 is an explicit numerical constant and b3 and by are continuous functions such
that |b3 (t)| + |bs (t)| < Ct'*°. Finally:

lil% tzg(t, 1+72 X, 1) =W (x) wuniformly on compact subsets of R, (3.14)
t—

where the function ¥ is given by:

e

(3.15)
0 forall y <O.

T,
W (x) = H et forall x >0,
Remark 3.9. We use the standard notation f = O(g) to denote that | f| < Cg in the
region under consideration with C depending only on A. The notation f = O,(g) has a
similar meaning but with C depending also on €.

Remark 3.10. Fort > 1, (3.11) (3.12) imply:

1 3 12 3 _ s 3
ajt lx 2+(9(t AL e 2),
_2
for 0 <x <t 7% T,
il 3 a8 3en_ gl _s 3
ayt T x~ 2 +(9(t xSy 0y 2)

2

(3.16)

for x > ¢t %1

Our strategy to solve the problem (3.1), (3.2), (3.7) is to use Fourier analysis. The
resulting problem is explicitly solvable by means of the Wiener Hopf method [2]. Using
the representation formula for the solution, we then prove Theorem 3.5 and Theorem 3.8
by deriving suitable a priori estimates. Related arguments have been used in [10].

3.1. Fourier variables. We reformulate the original problem using Fourier variables. To
this end we define x = ¢X, X € R, as well as the Fourier transform

G, &) = “IX5G@t, X)dX, G, X) =gt e¥). (3.17)

1
— [ e
\/Zn/lR
Then, the problem (3.1), (3.2), (3.7) reads in terms of the new variables:

Ba(t y=0G (¢ 27 e (54 22 (3.18)
TR UL a Rl Ui A '

: (3.19)

G(0,8) =

8-
S
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where the function @ is given by:

_2ﬁ1“(i§+1+%)'

(0] =
© rag+ 4

(3.20)

Indeed, this is a consequence of the fact that 6(5, t) = «/;27/\/1 (g)(—i &), where M(g)is
the Mellin transform defined in Sect. 12 (cf. (12.1). Notice that @ (§) = P(i§+1+1/2),

where P is as in (12.5). The fact that the function g(¢, -, 1) € £ implies that:

@(t, -) isanalyticin S ={£ € C; Im(&§) € (3/2, 3+ 1)/2)}. (3.21)
Problems of the form (3.18), (3.19) and (3.21) are a particular case of so called Carleman’s
equations (cf. [2]).
4. The Auxiliary Function
We now summarise some properties of the function @ in (3.20).

Proposition 4.1. The function @ is a meromorphic function in C with simple poles at:

A
Ep(n)zi(1+§+n), n=0,1,---, 4.1)
and whose zeros are:
1+A
sz(n>=i(n+7), n=0.1,---. “2)

For all M > 0 fixed:

27 (1+iQ)i ! 1
cb(é):—m(l+iQ)@+M@(§+%)+O(I$I3/2)

as Re(&) — oo, uniformly on Im(§) € (—M, M), and where the function Q is defined
as:

0 = Q(8) = sgn(Re(§)) (4.3)
with sgn(0) = 0.
Proof. The properties of poles and zeros are a consequence of Proposition 12.2 (Fig. 1).

The asymptotic behaviour of @ (§) as |Re(§)| — +oo follows from Proposition 12.3
and Taylor’s expansion. O
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4+)Li
2
3+, A-1
; i Im £=Bg+ 3
2+ ¢ Tm £,
2
1250
-7.5 -5 -2.5 2.5 5 7.5
® Poles
O Zeros

Fig. 1. Some relevant zeros and poles of the function @

5. Solving (3.18)-(3.19)

Our goal is to solve the problem (3.18)-(3.19) with G analytic in the strip S. Since we are
interested in derixing a solution G (¢, X) in the sense of distributions, we want to obtain
boundedness of G as |Re (§)| — co. We will actually obtain, for the particular solution
G(t, -) constructed here, exponential decay, something that means that G (¢, -) € C*®
fort > 0.

The following transformation allows to reduce (3.18), (3.19) to an equation for a
function depending only on one variable &:

e V2 V() 2ien 2i (5§ — y)
G(t,S)——m/[m(y)zﬂomt IF(—?)dy (5.1)

for some

Bo € (3/2,2). (5.2)

5.1. A heuristic derivation of (5.1). A heuristic explanation for the formula (5.1) can
be given using the Laplace transform. Suppose that we define the Laplace transform of
G (t,&)int as:

—~ 00 o~
G (z,8) :/ G (t,&) e %dt.
0
Then, (3.18), (3.19) becomes:

~ ~ A—1, A—1, 1
ZG(Z,E):G(L§+ > z)¢(§+ > z)+—. (5.3)
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The solution of this equation can be formally reduced to (5.11) by means of the
transformation:

2i

A—1

G(Ls)=wmp(— kg(—@é)l%é)H(as). (5.4)

The reason for using log (—z) instead of log (z) is that G (-, &) can be expected to
be analytic for Re (z) > a for some @ € R and in this form the function log (—z)
can be expected to be analytic in this region assuming that arg (z) € (—2m,0). The
transformation (5.4) brings (5.3) to

= 55
V2 2V (E) )

Equation (5.5) can be transformed into a Riemann-Hilbert problem by means of the
following conformal mapping:

3 —1 1 e%log(*z)&'
H(z,f)—H(z,.§+ i)—

H(6) =hzo), ¢=emEhd (5.6)
where, for the sake of simplicity we will write, with some slight abuse of notation
V(E =V(©).
Then (5.5) becomes:
iZThe () ra)

h@e+i0) =hzt —i0) ===

¢ eR* (5.7)
with & analytic in C\R" and:

1
a(z) = 2 e (—2).

It is well known that the solution of Riemann-Hilbert problems can be obtained using
Wiener Hopf methods (cf. [16,17]). However, in this particular case, assuming that %

satisfies suitable boundedness estimates for small and large ¢, we can solve (5.7) just
using Cauchy’s formula to obtain:

1 1 e%ﬂoam 00 2@ gy

i 2r 2 0o V) =9

h(z,8) =

and, using (5.6):

H (2, 8) = — l/oo o (5.8)
<, = . .
270 21 2 )00 V()) | — pi1 )
It then follows from (5.4) that:
dma(z)
~ 1 1 1 00 o (V=8) dy
G(z,6) = ——=-V / , 5.9)
@ 8) 2l /27 2 ©) 00 V(y) 1— e%@—}’) (

and inverting the Laplace transform we finally obtain (5.1).
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5.2. Proving that (5.1) solves (3.18) (3.19). We have:

Lemma 5.1. Suppose that V () is analytic in the strip S and that V satisfies
/ TP /Iy ¥ 11dy| < 00 (5.10)
Im(y)=po

forany By € (% 2) ,as well as:

V(n)=—V(n+ _1i)¢(n+kgli) (5.11)

forIm (n) € (%, 2) . Define G (t, &) by means of (5.1) for Im (§) > Bo. Then G can be
extended analytically to S and it solves (3.18), (3.19) for Im (&) € (% 2) .

V()

Remark 5.2. In formula (5.11) and all the remainder of the paper we denote as |dy| the
total variation of the signed measure dy.

Proof. 1t just follows by direct computation. Indeed, notice that Stirling’s formula, that
is uniformly valid for I" (z), arg (z) € (—m + &9, T — &) with g9 > 0 (cf. [1]) implies:

— o=
G-D
r 2=y <ot
=1 Syl +1
for |§] < R, Im (y) = Bo. Therefore, the integral on the right-hand side of (5.1) con-

verges for any £ € SN {E Im (&) e (ﬂo, 3“‘)} due to (5.10) and the function G (t, &)
satisfies:

~ 1 T |dy|
G (1,8) fcR/ —‘ e = <00, |E| <R
| | Im()=po | V (V) VIyl+1

Taking Bg arbitrarily close to % we obtain analyticity of GinS.

Moreover, the derivative with respect to ¢ of G in (5.1) can be computed by means
of:

G V) [He2] F(_zi () 1) J
ot 6= \/_l ()‘_]) /m(y) =B V(y) 1 * >

(5.12)

where we have used zI" (z) = I" (z + 1). On the other hand, using (5.1) we obtain:

5(t €+(A_1)i)——i/ M;%—l
’ 2 C VTG =D Jigy—p V)
xI (——2’ €=, 1) dy,
a1

and using (5.11) and (5.12), (3.18) follows.
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It only remains to check (3.19). To this end we use contour deformation and the
residue theorem to transform (5.1) into:

—~ 1 ~

G(Lé):E_Gr(t’é)’

~ V() 2e—n ( 2i (E—Y))

Grt.6) = —— V@ menp ((206E =W
“ % Jri(a—1) /Im(y)—lm($)+81 V(y)t B A—1 Y

with 8; > 0 small. Using (5.10) it follows that:

25

|G, (1,6)] < Crt7-T, £ €SN{E <R},

and therefore G, converges to zero as + — 0 uniformly in bounded sets of &, whence
(3.19) follows. O

6. On the solutions of (5.11)

Equation (5.11) admits infinitely many solutions. Indeed, given any solution V4, (§)
we can obtain any other one by means of:

V(¢ = Vpart & pe,

—1 6.1
> z). (6.1)

Notice that (6.1) has infinitely many solutions, some of them being ¢*™ ¢§/:=1 ¢ ¢ N,
and linear combinations of them. Given such a non uniqueness a natural and essential
question is then how to choose one of them. We may state several sufficient conditions
that would ensure that G is the Fourier transform of a tempered distribution. First we
want the function G to be defined. This is guaranteed by the condition (5.10) above.
However, this condition is not sufficient to prove that G(t &) is globally bounded with
respect to &. The difficulty comes from the fact that, if the behaviours of V(&) are too

disparate as Re(&) tends to plus or minus infinity, the quotient V]()&(f;’) may be strongly

increasing in some regions of the integral in (5.1). A sufficient condition to avoid this
difficulty is to have:

where

A
p($)=P($+

~ oBlEl
V(&) ~ e, |Bi| < TR

(6.2)

as Re(§) — =£oo. The decay rate of the Gamma function in (5.1) may then control the

possible growth of the quotient V@(S;) uniformly on &.

Another requirement that we need for the function V comes from the requirement
that G must be analytic in the strip S. This is ensured by imposing also that V is also
analytic in S.

We will then construct a function V analytic in that strip, satisfying Eq. (5.11) for
Im(&) € (3/2, 2), and conditions (5.10) and (6.2).
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A particular solution of (5.11) can be easily obtained using Cauchy’s formula. To
this end we take the logarithm of both sides of (5.11) to obtain:

r—1, A—1,
10g(V($))=log(V(§+ 5 1))+log(—<b(§+ 5 l)) (6.3)

or equivalently

A—1
log (V (% -3 l)) =log(V (§)) +log (=@ (§)). (6.4)

Let us take any B; such that @ (£) has no zeros nor poles along the line Im (§) = B;.
We define:

V(@) =log(V(§), £ =erTEPD 0 () =log(—d (&)).
Equation (6.4) then becomes
Y (C+i0) =y (( —i0)+Q (¢ —i0), ¢ eR* (6.5)

with ¥ analytic in C\R*. Taking into account that |Q (¢)| < C (1 +|log (¢)|) we can
obtain a particular solution of (6.5) as:

1 [ L }d
W({)—%/IWQ(S) s_¢ Py s,

where the term 1/(s + 1) has been added to the classical Cauchy integral in order to
ensure the convergence of the integral. Then, returning to the variable £ we obtain:

Vpart,ﬁl (‘i:)
> / log (=@ (1)) : : d
=exp| —— 0g (=% (7 " - = UNE
A =D Jimm=p 1= iZTED | 4

where Im (€) € (B1 — 251, B1) .
Formula (6.6) provides a particular solution of (5.11). On the other hand, we can
obtain an infinite family of solutions of (6.1) given by:

pE) =8 ez 6.7)

Let us define a family of solutions of (5.11):

Vi (&) = eV (€) 6.8)

Actually, using Fourier series, it can be seen that any solution of (6.1) can be written
as an infinite linear combination of the functions V; (§).

The formula (6.6) does not define uniquely the function V. g, unless we prescribe
the value of 81 and the argument of the function In(—@®(n)). The different possible
choices of this argument just differ by a factor 2w £ i and therefore the resulting func-
tions Vpars,p, would differ by a multiplicative factor (6.7). Proposition 4.1 implies that
arg(—P(n)) — w/4+2m Lias Re(n) — +oo. In order to avoid exponential factors in
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some of the forthcoming formulas, we determine uniquely the function In(—@ (7)) by
choosing:

. b4
pelim _arg (=) = 7. (6.9)

Notice that in the formula (6.6) there exists an infinite possibility of choices of the
constant 8;. These functions may be extended analytically moving & and simultaneously
the contour of integration in such a way that the condition —(A —1)/2 < Im(§ —n) <0
always holds. The only true obstruction to extend analytically the functions Va8,
arises from crossing with the contour deformation the zeros or poles of the function @.

Suppose that &s;,, is a zero or a pole of @ and B, 1 are such that:

1 = 1
‘Esing - 5 <pi < gsing < p < ésing + 5
Then
A og —n
Vpa”’ﬂl (5) er—1 (&sing—8) __ 1
="\ &= ) (6.10)
Vpart,gl (g) 1+ eﬁ%—xing
where
_ |1 if &g is a zero
"= [ —1 if &y, is a pole. (6.11)

Combining (6.10) with (6.6) we can then extend any function V4, g, to the whole com-
plex plane as a meromorphic function. As it could be expected the different functions
Vpart,p, can be related to each other by means of linear combinations of functions of
the form given in (6.8).

In order to obtain the function V(£) with the properties requested above, it is sufficient
to take

A—1
V(&) = Vyart,p, (§), Im(§) € (ﬂl—T,ﬂl), (6.12)
with
241 3+A 6.13
e (222, 355). o1

Moving the contour of integration if needed, inside the strip Im (&) € 2+X1)/2, 3+X1)/2
we obtain that the function V(£) has no zeros nor poles in the whole strip S. It only
remains to check that this function satisfies the two conditions (5.10) and (6.2). It follows
from Proposition 13.2 in Sect. 13 that:

Coe HE)E <y )] < e HETOR for g e S (©19

for § > O arbitrarily small and Cs > 0 a constant depending on §. This behaviour implies
both (5.10) and (6.2).

Finally, we can extend )V meromorphically using (5.11). The positions of the poles
and zeros of V can then be obtained using (3.20) as well as the properties of the Gamma
function.
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Summarizing, we have shown:

Proposition 6.1. The function V(&) defined by means of (6.6), (6.12) with By asin (6.13)
can be extended analytically to the strip S and meromorphically to the whole complex
plane. It satisfies Eq. (5.11) as well as the estimates (6.14). Morever, V(&) # 0 in all
the strip S and we have the following representation formula:

V(&) 2 /
— = In(—@
Yo exp |:(A "D imnes, n(—=®(n))

1 1
: a d 6.15

for& and y suchthat f1 —(A—1)/2 < Im(&) < Brand B1 — (A—1)/2 < Im(y) < Bi.
The poles of the function V are:

1+A A—1Y\.

—— +n+k i, n=1,2,..., k=0,1,..., (6.16)
2 2
A r—1

1+=-—k i, k=12,... (6.17)
2 2

The zeros of the function ) are

A r—1

l+=-+n+k i, n=1,2,..., k=0,1,..., (6.18)
2 2

e 2= ot (6.19)
> 7 i =1,2,.... .

Corollary 6.2. The function 6(t, &) defined by means of (5.1) with V defined in Propo-
sition 6.1, solves (3.18), (3.19).

7. Uniqueness of Solutions

In this section we prove the uniqueness of the solution g in Hr stated in Theorem 3.5.
Suppose that there exist two solutions g1, g2 in the space Hr of the problem (3.1), (3.2),
(3.7). Then the difference g = g1 — g2 € Hr, solves (3.1), (3.2) and satisfies g(z, -) — 0
ast — 0". We then define G(t &) asin (3.17). Notice that since g € Hr we have that
G(t -) is analytic and bounded in S for 0 <t < T and it satisfies (3.18) in (0, T) x S.
Moreover due to (3.7) we have lim;_, g+ G(t &) = 0 uniformly in compact sets of £&. Let
o (t) be a C* cut-off function satisfying o (1) = 1 for0 <t <T/2,0(t) =0ift > T.

Define G(z, S) G(t &)o(t), then
: i) @ (.s; N

where the function r is bounded in (0, T) x S and r (¢, -) = 0 for 0 < ¢t < T /2. Taking
the Laplace transform on 7 of (7.1) we obtain:

Ar—1. Ar—1. -
G (z, &)= (Z E+ l) D (E + z) +7(z, &), (7.2)
Re(z) >0, € €S, (7.3)

A— 1.
—(t &) = (t &+ l) +r(t, &), (7.1)
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where, for some positive constant C:

F(z,6)| < Ce TR forall £ €S, Re(z) > 0. (7.4)

Due to the linearity of (7.2), (7.3) we can split GasG = épurt + éhom, where 5,,””
may be obtained as in the heuristic argument in Subsect. 5.1 (cf. (5.9)):

4ra(z)
~ 1 VE) /°° e i1 O Rz 8)dy
Gpart (2,8) = — , 7.5
part (2 §) 2wl Z o YO - e{%”l(é—y) (7.5)

and where G, solves

. ~ A—1, A—1,
ZGhom(Z»%:):Ghom(Z,€+ 5 l)¢(€+ 5 l), (7.6)

Re(z) >0, £ S. (7.7)

We assume in (7.5) that V(&) is defined as in (6.6), (6.12) (cf. also Proposition 6.1).
Then due to our choice of log(—z) we have a(z) € (=3/4, —1/4) for Re(z) > 0.
Therefore using also (6.14) and (7.4) it follows that the integral defining G 4/, in (7.5)

is convergent for any £ € S and G par( (-, €) is analytic in Re(z) > O for any & € S.
Moreover,

1G part (2. §)| < Ce 2RO forall & € S, Re(z) > 0. (7.8)

To study the function éhom we define (cf. (5.4))

= 2 log(—2) &
G om ) g
Hz, £) = Shom@ ‘2(6;) : , (1.9)

and we then define 4 (z, &) by means of (5.6). Then A(z, -) is analytic on C\R" and

h(z,£+i0)=h(z,¢ —i0), ¢ eR", (7.10)

whence & (z, -) is analytic in C\{0}. The boundedness of G, (6.14),(7.8), (7.9) and (5.6),

h(z. O] < Ce()|¢]77@ max{|¢| . |¢ |}, (7.11)

where & can be chosen arbitrarily small. Liouville’s theorem then implies i (z, ¢) = 0
whence Gjom = 0 and G = G /. Laplace’s inversion formula then yields

1 b+ioco

G(t.§) = 5— | Grn 8 dz (7.12)
—1 00

for any b > 0. Therefore, (7.8) implies G, &) = G(t, &)=0forall0 <t < T/2and
all& € S, whence g(¢,x) =0for0 <t < T/2 and x € R* and the result follows. 0O
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8. Decay Estimates for the Function a(t, &)
For any L > 0 we define
Ty :=8U{§ eClIm@)| =L, |§| =2L},
where S is defined in (3.21). The main result of this section is the following.

Proposition 8.1. For any L > 0 there exists positive constants C and a, depending only
on L, such that the function G defined in (5.1) satisfies:

1G(t,€)| < Ce oVET 8.1)
(1+|s|”2)‘35(r o+ (1+1677) | 560 0] < creo® 52
g ag2 T~ ‘

forallt € (0,1),& € 7;.

We will prove this proposition by means of a general lemma that provides estimates of
a class of integrals using contour deformation and the Laplace method. This technical
result is one of the key ingredients of this paper. In order to formulate it we need some
definitions.
1 1
O(0,Y) = - (8.3)

4 4 ’
l—e 717 ] —er1(70*)

2
vE Y, )i = —— In (—@ O —E&,Y)d
€.Y.1) (A—l)z/,mn=ﬂ. n (~b () On — &, V)dn

2iY 2iY 2iY 1 2iY
- In(z) — + ——=]In , (8.4)
A—1 A—1 A—1 2 A—1

I'(z2)
dme—izi—1/2 ’
Stirling’s formula yields lim A(z) = 1 uniformly as |z| — oo and arg(z) € (—m +

e, m — ¢) for any ¢ > 0 small.
For any & € C, and B > 0 we set:

A(z) = (8.5)

D(, B) .= lZ eC; Im(Z) <0, Im(Z2)| <B ‘Re(Z)+ %\/E',

sgn(Re(Z)) = sgn(Re(§)) } (8.6)

(cf. Fig. 6 in Sect. 14), with Q as in (4.3). We then have:

Lemma 8.2. Suppose that L > 0, B > 2./, y| > 0. Assume that for every & € Tp,
the function m is such that m(§, -) is analytic in

A—1
D(E,B)U [Z eC;Im(2) € |:—)/1, v+ 5 “ .
Let us consider the function:
Wt &) = / m(E, Y)e? &1 gy. (8.7)
Im(¥)=—y1

Then there exists &y > O sufficiently large and C > 0, both depending on L, B and y1,
such that:
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- If
Im(,Y)l <1 (8.8)
then
(W1, &) < Ce e (8.9)
forallt € [0, 1] and all & such that |Re(&)| > &y and & € Ty.
- If
[m(,Y)| < (A +[Y]) and m(§,0) =0 (8.10)
then,
(W, €)] < Cit|g]"/2 el (8.11)

forallt € [0, 1] and all & such that |Re(§)| > & and & € Tf.

Proof of Lemma 8.2. We introduce the new variable Z as: Y = /|&| Z. Then the func-
tion ¥ becomes:

~ 2
vE Y. )=¥EZ,1) = —/ In(=@(n) O — &, VI|§[Z)dn
(A—=1Di Imn=ﬂ0+%f€

27 27 27 1 27
_m(x—1lnm+x—1 _(,\—1 - 2m)ln(x—1)

_(ZiZ B 1 )1H|E|1/2)' (8.12)
r=1 28]

The function @(5, Z,t) can be extended analytically as a function of Z to the set
D, B) U BJE/8(O) (cf. Lemma 14.1). Moreover we prove in Lemma 14.3 the exis-

tence of a critical point Z. of the function (17(5, Z, t) with the asymptotics (14.11).
Using the analyticity properties of the functions ¥ (¢, Z, t) and m (&, Y) we can obtain
the new representation formula for W using contour deformation:

Wz, £) :\/ﬁ/ P EZ0 e, JE|Z2)dZ, (8.13)
C

where C; is defined as (see Fig. 2):

C={ZI+R™} Uy (M) Uy (M) Uys, (M) U{Zy + R},
Zi=Re(Z)—Mt+iyt, Zy=Re(Z)+Mt+iyt

with yp (M), ¢ =1,2,3 and M are as in (14.19)-(14.21).
Let R > 0 be as in Lemmas (14.8) and (14.9). We now consider separately the two
different cases |£]2¢ > R and |€|*t < R bounded.
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Im(Z2)

Im(Z)=mt

Re(2)

Fig. 2. The curve C;

The estimate of W (t, £) for |€|>t > R. We write the function W (¢, &) as follows:

W(t, &) =11 +1a, (8.14)

7 = JVIE| Y EZ0 e, €1 Z2)dZ, (8.15)
Ci{Z; |Z—Zc|<et}

=g PV EZD (s JIEIZ)dZ (8.16)

CZ; |Z~Z|ze 1)

for some positive constant ¢ to be fixed.
We estimate the integral Z; using Lemmas 14.1-14.5 and Taylor’s expansion we
obtain:

TE Z, 1) =W(E, Ze,t) — : 1 A+68E,Z, ) |Z—Z) (8.17)

2 2mt(1+i0)

where |6(&, Z, t)| can be made arbitrarily small if | |2 > Rand ¢ sufficiently small.
Therefore:

_ 1 JEL —Z.?
NG L e IO YL
CNZ; |Z-Zc|<et}
which gives, in the case (8.8):
1Tt &) < Ce VBT if 5|2 >R, 0<1 <1, (8.18)

and in the case (8.10):

1T1(t,6)] < Ct/|E] e VEI i 5|12 >R, 0 <1 < 1. (8.19)
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We must now estimate the 7, given by (8.16). To this end we split the integral as
follows:

L=D1+Ir+13,

o1 = VI e?E 2O, JIE1Z)dZ,
CiNZ; |Z—Zc |z t}Ny (M)

oo = VI P EZ0mg, /g1 2)d Z,
Co\y (MY Z; |1 Z|<e1VIET}

o3 = VIE| P20, /g1 2)d Z,

CAV(MYNZ; | Z|=e1VIE]}

where y; (M) is the portion of the curve C; along which Im(Z) < y;t and ¢ is as in
Lemma 14.9. Using Lemma 14.8 it follows that, in the case (8.8):

Ty | < Ce¥EZet) g=b0 Tt m(E, JE(2)|dZ
|22,
CiZ; |Z—Zc|=e 13Ny (M)
< P20 =0VET [t < CoP 700 o= 5 (8.20)

and in the case (8.10):

- = So/IEI
|To1| < Ce? €200V (JIE[ 12 < C(/E[1) ¥ EZele= "5 1 (821)

The estimate of 7, » follows using Lemma 14.9. In the case (8.8) we obtain:

|To0| < C\/|s|/ e WVENZl g7 — Coma MVEN (8.22)
|

ZI=M1t

and in case (8.10) we have:
To0| < c\/|§|/ e VEIZL JIE| ZdZ < C(JIE[1)e *MVER | (8.23)
|Z|=Mt

since |€|%¢ > R.
The third integral 7 3 is estimated using Proposition 13.2. To this end we use the
variable Y and the identity:
PV EZD _ 3 ve) T ( )

tr VET) 4 ()

38
~

1

—

e

A—1

where A is defined by formula (8.5). Then

m(,Y) V() _ iy
T, Is/ . ' ‘t ar
* Im(Y)=y1,|Y|>e1/| A(%) V(Y +§) ‘

r (ZI—Y) ' dY. (8.24)
A1

Using that y; > 0,0 < ¢ < 1 and Stirling’s formula, it follows that, in both cases (8.8)
and (8.10):

VEX] 5/ (1+|Y|)‘& e 1l gy,
Im(V)=p1,|Y|=e1§] V(Y +§)
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Proposition 13.2 gives the following bounds:

22,31 = C/ (1+ Y] et il e gy
mY)=y1.|Y|ze1§]

< Ce~ il el (8.25)

This last term can be estimated by the right hand side of (8.9) choosing ¢ sufficiently
small. Combining this with (8.20) and (8.22) we obtain (8.9) for |& |t2 > R. In the case
(8.10), we have for some §; > 0,

81 ig 3L 51 8
|Tr3] < Ce1El < cem2Ble™22 < Ce~FVEI 732

which is estimated by the right hand side of (8.11). Combining this with (8.21) and
(8.23) we obtain (8.11) for |£|r2 > R.

This ends the proof of the estimate of 7, and then of Proposition 8.1 in the domain
where |$|t2 >R, 0<t <.

The estimate of W (t, &) for |€]>t < R.. We suppose first that condition (8.8) holds. We
split the integral in (8.33) in two pieces:

Wa.8) =i+, (8.26)
mE.Y) VE) _ay ( 2iY )
he.8) = r dy,
1, 8) /Im Y=—yt, |Y|<e0lé] A 2 ) 1204 +E) A—1
B 6= Y2 mE ) Ve

VIE =1 Jimy=—p1, v200E] A (%) VY +§)

2iY
<« (=) ay.
1

The integral J is estimated with the same argument used to bound the integral 75 3 in
(8.24),

|Jo| < Ce 1l (8.27)

‘We rewrite Jj as:

1.8 = VE / FECD e JiET de,

Im(§)=—J || <e0 5!

where

FE o0 = Bl [1 Cn (2’%]) +in (2ﬁefQﬁ)}

1 y
1 L (2i¢
—3In (r H ) L (m) +h(E, C1,1). (8.28)

Notice that Lemma 14.2 implies:

he gl = C (|;|2z2 N é')
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fort|¢| < eo/|€l, ¢t € D(&, B), |&| = &y. A detailed computation of Re(11~/($, ’t, 1))
yields

7 T ! 1/2
Re(@ (€. c1.0) < Vgl (C— mm) — 5 (r1g1"?) + Coo ViET 1121+ C

SN D 12
|s|r(c 4@_1)'“) JIn(r1g"2) + €

for ¢ € B, iz (0) N {g‘ eC;Im) = —yl/«/|§|}, &l > &0, /Il < R and for
some positive constant C independent of £ and ¢. Using again that7/|&| < R it follows
that, in the case (8.8):

o =c (Vi) oo ETs1 1981

Im(©)==2 || <e0 ¢

t

and computing the integral:
|J1(2,8)] < C.
Combining this estimate with (8.27), estimate (8.9) of the lemma follows.

In the case (8.10) we deform the contour of integration in formula (8.7) using the
analyticity properties of the function m (&, Y) as well as the fact that m(&,0) = 0 to

obtain:
_ n0-D =1\ V@)
weo =-S5 (655 ) sty

+/ m(E, Y)e? &1 gy
m(¥)=y1+451

Tl —1) ( A—l,) (k—l, )
= m\ &, i)® i+&)t
A(—1) 2 2

+/ mE, Y)e? Y0 gy = K| + Ko, (8.29)
Im(Y)=y1+%5

using (5.11). By (8.10), m(&, 12;1 i) is uniformly bounded. Using then Proposition 4.1
we obtain that

IKi] < C(1+ gV, (8.30)

We are then left with the integral K, which is formally very similar to (8.7) although
the integral contour is different. We split this integral in two terms J; and J, like in
(8.26). The term J; is bounded as (8.27) by a similar argument as before with one small
difference which is that the term m (&, Y') is now bounded as (1 + |Y|). The term J; can
be written as:

mE,Y) V(E) _ar ( 2iY )
Ji(t, €) = ST r
68 /ImY gt 1Y Iseolé] A (2 )V(Y”E)
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Using Lemma 14.1, we may estimate ‘ VE) ‘ by Ce (2“‘””0)‘” in the domain of inte-

V(Y +E)
2iY 2
gration. On the other hand, since ImY = y; + —1 we may estimate ‘t =T | by = =
Therefore, using the decay of the Gamma functlon.
2
11, £)] < Cr'*3r / () =gy (83
Im¥)=p +251
2
< i (8.32)

Combining (8.30) and (8.31) we deduce the estimate (8.11) when |£| t2 < R. This
concludes the proof of Lemma 8.2. O

Proof of Proposition 8.1. Using the change of variables: y — & = Y in (5.1) we obtain

~ V2 V(E)  _ar 2iY
o= [ e () e

where y; is a positive constant sufficiently small. We rewrite the function G (t,&) as
follows.

. 2iY
G, &) = e“E’Y’”A( ! )dY (8.34)

VTi(o—1) /1m<Y)=y1 -1
where the functions ¥ and 6 are given by (8.4) and (8.3).

In order to obtain estimates (8.1) and (8.2) for bounded values of & we use contour
deformation. In particular, crossing the pole at ¥ = 0 in integral (8.34) and using the
residue theorem we obtain:

—~ 1 —~
Gt &) = E+G1(t,é), (8.35)

Git, &) = —

. . Ve fiylr(—ziy)dy 8.36
\/Ei()h_l)/le=y1 V(Y+E)t 1 - (830

Using Proposition 13.2 it follows that
~ 2
1G1(t,8)] < Cr7-T

uniformly for £ in bounded sets. This yields estimate (8.1) for £ in bounded sets. If we
differentiate in (8.36) with respect to £ we obtain:

 Bee) = 2 r (2 Yay, 837
3_-‘;"6 ( a%-) - _m/lmy_yl m[(é:a ) (m) ) ( . )
Y ARLE)

Using the analyticity properties of the functions m¢ (€, Y) we deform the integration
contour in the integral (8.37). The first singularity that is met is the pole of function

r (2‘Y ) located at Y = (A — 1)i/2. (This point is below the first zero of the function
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V(E+7Y) whichislocatedatY = 2+ (A/2) —&)iand2+(1/2) —& > (A —1)/2.) We
then deduce

¥4 _
Gire)= =27 e, 2Ly (839)

d
9t T Um0 2

2iY

my(§,Y)t™ o (A

_m/lm Y:]/]+)L 1) dY’ (8'40)

using the analyticity properties of the functions m¢ (€, Y) we deduce estimate (8.2) for
bounded values of &.

In order to complete the proof of Proposition 8.1 we apply the method of the station-
ary phase. To this end we differentiate the expression in (8.34) with respect to &, and
obtain:

3t - 24 WE Y1)
@G(t,f) \/—l (A_l) /my__y1 [aég E,Y, 1A (—1)] e dy

(8.41)
for £ = 1, 2 and use Lemma 8.2 with three choices for m(z, &):
V2 2iY
m(,Y) = Niz ()L—I)A()»—l)’ (8.42)
V2 0 0y 2iY
m(§,Y) = JRG=D) (Iél Dt a—gz(é,Y, t)A(/\_ 1) (8.43)

for ¢ =1, 2. (Notice that (é Y, 1) and ¥ pTS) (é, Y, t) are independent of 7.)

The function m in (8 42) satisfies condition (8.8). On the other hand, using
Lemma 14.10, it follows that for the choices (8.43), £ = 1,2: |m(§,Y)| < C|Y].
Moreover, by the definition of the function ¥ (cf. (8.4))

oy 0 V()
—En=—(n(5"x)).
E3 9E VE+Y)
and therefore m (&, 0) = 0 with the choice (8.43) and £ = 1. This follows by a similar
argument for the choice (8.43), £ = 2. Applying then Lemma 8.2 the estimates (8.1) and
(8.2) follow for |&| sufficiently large and this concludes the proof of Proposition 8.1. O

We consider now the case ¢ > 1.

Lemma 8.3. The function G defined in (5.1) satisfies that for any g9 > 0 arbitrarily
small, there exist two positive constants k1 and a such that

G2, £)] < ey 17 71E0 =V (8.44)

forall & such that Im() € 3/2, 3+ X)/2)and allt > 1.
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Im(Z)

Im(Z) =m

Re(Z)

Ze

Fig. 3. The curve D

Proof. We deform the integration contour in the expression (8.33) to the line: Im(Y) =
(A —1)/2 — g with &g arbitrarily small in order to avoid the zero of the function V(£ +Y)
at & +Y = 1. We then use the change of variables Y = /€] Z, and deform the contour
of integration in the Z variable to the curve D in Fig. 3 to obtain:

G, 7) = ﬁ— VIg] i ETVEIZ P62 4 (2’— sz) dZ.  (8.45)
JTi—1) Jp A1
Then,

. 5 2iVEZ
|G (t, Z)| SCJEfﬁ”O/ eV EZD Y (—’/\ '51 )‘dZ.
- _

We argue now in the same way as in the previous case with ¢+ = 1 splitting the integral
in the same pieces to obtain (8.44). O

9. Estimates on the Function G (¢, X)

We may now take the inverse Fourier transform of G (t, &) to obtain the function:

1 e
Gt,X) = —— / e XEG (1, &)de ©.1)
V21 JimE)=p
with
3 3+A
B2 € (E, T) . 9.2)

Proposition 9.1. For all t > 0 the function G(t, -) defined by (9.1) belongs to C*°(R)
and for any fixed R > 0 and ey > 0, it satisfies:

atG Cor

W(I’X) §t2(1—+Z)’ f0r0<t§1’ |X|§R5£=0717277 (93)
G C

S X)) = R for =1 X <R €=0,1,2,--- 9.4)
0X FToTE0

for suitable positive constants Cy g and Cy g, R.
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Proof. This proposition is just a consequence of (9.1) as well as from (8.1) forz € (0, 1)
and (8.44) forr > 1. O

The estimates (9.3) and (9.4) provide the regularity result for g in Theorem 3.5, but
they do not give any detailed description of the function G in the different regions of X
and 7. We derive such results in the remainder of this section.

9.1. Behaviour ast — 0, 0 < |X| < 1: Heuristics. We begin by showing that the
function G behaves like a mollifier of the Dirac measure when ¢t — 0 and for X small.
The asymptotic profile of the solution G(#, X) can be heuristically guessed as follows.
If we assume that the function g, solution of (3.1) with g(0, x) ~ §(x — 1) is small, then
Eq. (3.1) may be approximated, for # and x — 1 small, as

g _ /‘/2 g —y) —g)
0

” Vi dy, g(x,0,1)=68(x—1). 9.5)

The equation in (9.5) describes the probability distribution for the size of a particle,
initially equal to one, and increasing its size by an amount y at the rate 1/y>/2. If we
write the function g as

gt,x) = L/?(t x) e ** dk
b m R 9 9

applying the Fourier transform we obtain:
g —~ —~ e
5 ky =m(k)g(t, k), gk, 0)=

—ik
V2
1/2 p=iky _q
m(k) =/ dy.
0 y3/2

The multiplier m (k) can be computed explicitly but its exact formula is not needed to
compute the asymptotics of the function g(#, x). The only relevant information that we
really need is

m(k) ~ =2/ ki, for |k|] - +oo.

Then,
e ik 2Jmkit
gt k)~ ——e VT for |k| — 400,
V2

and inverting the Fourier transform we obtain
o~ 2w (2 t—0
LX) R — —_— as t — 0,
& 12 12
with

- (9.6)
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X

Finally, sincex = e, x — 1 = eX — 1 ~ X when X ~ 0 we obtain

2 (X
Gu.X)~ v (72) as t — 0. 9.7)

The fact that the support of G(z, X) is contained in R* is a consequence of the interpre-
tation of (9.5) in terms of coagulation of particles given above.

9.1.1. The region X = (’)(tz) We now prove that the fundamental solution G (¢, X)
behaves in the self similar form (9.7) in the region where X = O(r?) using the explicit
representation formula given by (5.1), (6.15) and (9.1). We are interested in the limit
lim; 0+ t> G(t, 1> x) = ¥(x) in compact sets of x. To this end we rewrite (9.1) as
follows:

G(t, x) = e""XE(z, t%) dn. 9.8)

),
27 12 S Im(n)=p2 12

Formula (9.8) suggests that in order to compute ¥ () we need to obtain
lim;_, o+ G (t, z%) for n such that Im(n) = B2 12. To this end we use the expression
(8.33) that implies:

~ V2 V(n/t?)  _ar 2iY
2y -
G(t,n/t7) = —ﬁi ()V_])/ImY——yl T F( )dY. 9.9

V(Y +1n/t?) A—1
Proposition 9.2.
lim (12 G(t.10) = ¥ (0
uniformly for x in compact sets of R where ¥ (x) is as in (9.6).
The proof of Proposition 9.2 requires several lemmas.

Lemma 9.3. For all ey > 0 and M > 0 there exists a function he, p(t) such that

liIBI hegm(t) =0 (9.10)
t—0%

and

2 . .
’ V(n/t7)  aix 2% aym)

V(Y +1/12) < heo.m (1) 9.11)

forall Y such that [Im(Y)| < 1/4, |Re(Y)| < t“l—m‘,for Im(n/t?) in compact subsets

of 3/2, 3+ X)/2) and ey < |n| < M. Moreover there is 59 > 0 small (depending on
go and M) such that:

2 .
‘V("/t) 3| < ceTor 9.12)

V(Y +1/t?)

for all Y such that |Im(Y)| < 1/4, |[Re(Y)| < ‘j—g,for Im(n/tz) in compact subsets of
(3/2,(3+1)/2) and &y < In| < M.
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Remark 9.4. In Lemmas 9.3 until 9.6 and in Proposition 9.2 we choose the branch of the
function square root as follows:

J7= |Z|1/2 i3 with 6 € (—m, ].
Proof. Lemma 9.3 is a consequence of Lemma 14.1. By formula (6.15) we have:

v/r*) 2 B o
m_“p[(/\_l)i/m;:mln( PUNOE -/t vY)dC}

= exp [F (n/tz, t Y/M)] ,
and using (14.3):
'F (n/tz,tY/\/W) + ln (2ff) Inl .

Therefore, in the region where |Re(Y)| < 1/(¢|In¢|) we obtain (9.11). On the other
hand, if |Re(Y)| < 80/t2 we deduce (9.12) using that:

A p—

—2x—1
as [n] — +oo and for Im(Y) = —y; with 1 asin (9.9). O

<Cl‘

Lemma 9.5. For all positive constants M, g such that M > &g:

hmG( n)z_i/ mln(sz)r(ziy)dy
t—0* 12 VT = 1) Jimry=—y, A—1 ’

uniformly for Im(n/tz) in compact subsets of (3/2, 3+ X)/2) and gy < |n| < M.

Proof. We split the integral in (9.9) as follows:
=~ Ui
G ( 12)
fl A—1) /mY——Vl Re(¥)]<

— V(n/1? i 2iY
=.—/ L)zt_”lf( ’ )dY
Vi =1 Jimy=—y, Izl'ln[‘flRe(Y)|§% V(Y +n/t%) A—1

2 i 2i1Y
T R / _Y@/r) )2 = F( : )dY
Vi =1 Jimy=—y, |Re(Y)[>% V(Y +n/t%)

=J1+ L+ /3.
V2
Jri (A —1)

g
ImY=—yi, |Re(Y)|<

1
=121t

2 X .
V(n/t7) 14 F( 2iY .
V(Y+77/t2) r—1

J1=—

( /) -y e—iilln@ﬁﬂ))
V(Y +n/t?)
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2iY
x I dYy
A—1

W‘i A=) /my__m

21Y1n(2ff)r( 2iY )dY
1

Mm(sz)p( 2y )dY. (9.13)
fl = 1)/m Y=—y1,|Re(Y)|> 2‘1 i

Using that

¢ i:{ln(f)‘ <C€2()‘ 1)| | and ‘F()\Q"ZYI)‘<C€ [ 1)|Y|

the last term in (9.13) is estimated as:

A—1

V2 21Y1n(2\/>\/*)F(2lY)dY
ST (L —1) /Im Y==y1,|Re(Y)|=

1

t2\1n1|
__a

< Ce 2 In¢|

for some positive constant a. In the first term of (9.13), using (9.11) in Lemma 9.3 we
are led to estimate: hg, p () flm Y= e ol |dY| which tends to zero as t — 0F
by (9.10).

We now consider the integral J3. This term is estimated using the estimates of the
function V proved in Proposition 13.2 and Stirling’s formula:

2y _ L m_ 2y _a
|J3] < Cot™ 7T |e ,2( 28M> < C,st_ﬁe 2

for some positive constant a choosing § sufficiently small.
The integral J; is estimated using (9.12) in Lemma 9.3:

3 —_a
|| < C/ et Yo=Yl gy | < Ce” Fimi
ImY==y1, g <|Re(r)|= 7§

for some positive constanta. 0O

Lemma 9.6.

—2iX 0 (2 /T /i) ( 2iY ) /> nnt
e e -1 I_' e
JTiO— 1) /,m(y)zy, o1

Proof. The change of variable 2iY /(A — 1) = s yields

21Y1n(2\/>\/*)1_'< 21Y )dY
—1

JEi( =1 0» -1 /mm——yl

— _; e—S 1[1(2«/7T7’]i) F(S) dS.

V2T JRe(s)=2y;/(A—1)

This integral can then be computed adding the residues of the integrand at the poles
s = —n of the Gamma function. O
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Proof of Proposition 9.2. We split the integral in (9.8)
G, x)=h+h+1,

where

1 A, T
Iy = — e”’XG(t, —)dn
V2710 Jimm=p2210D; 1

with D1 = Bg,(0), Do = By (0)\Bg,(0), D3 = C\By(0), where g9 and M are for
awhile arbitrary positive constants with g < M. Using Proposition 8.1:

L]+ 15 §C(50+e‘“M). (9.14)
The integral I, is estimated using the previous lemmas:

A NG (t, t%) 2w e Ty

7=
V2 {(Im(n)=p212}ND>

+/ einxeiannidT]:Iz,1+12’2.
{Im()=p212}ND2

The first term is bounded as

[I>1] < C/
{Im(n)=P2t*}NDy

and tends to zero by Lemma 9.5 and Lemma 9.6. And,

6([, t%) — V27 e 2V |dn|

lim I :/ MK eI gy,
=07 {Im(n)=0}ND>

Arguing as in the derivation of (9.14) we obtain that

‘/ einxe—2«/nnidn_/ eir]xe—Zﬁr]idn
{Im(n)=0}ND> Im()=0

<C (80 +€_aM) .
We have then shown that, for ¢ sufficiently small (depending on &9 and M):

<2C(gg+e M),

t2G(t,x)—/ ei"Xe_zﬁ"idn
Im(n)=0

which means exactly:
lim 2 G(t, x) =/ MK eI gy (9.15)
t—0* Im(n)=0

The integral in the right hand side of (9.15) may be calculated explicitly using contour
deformation. For x < O the contour is sent to the region where /m(n) — —oo and the
integral gives zero. When x > 0 the deformation is made to the upper half plane in such
a way that it avoids the cut along the half line n € i R* and the integral is reduced to

oo T
2/ sin(2«/7r)\)eﬂ”d}»=Le—Y.
0

x3/2
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9.1.2. Estimates of G(t, X) for t2 < X < 1. We derive a self similar estimate for the
function G in this region as t — 0.

Proposition 9.7. For any ¢ € (0, 1/2), there exists a positive constant C such that

1-2¢
— for * <|X| <.
|X|27¢

G, X)|=C

Proof. We integrate by parts twice in formula (9.1) and obtain:

GU.X) = 1 / (ixs 1) o2 G, £)dE (9.16)
X)) = —— et —1) —G(, . .
V2 X2 Jime)=p, 082

Using that [e'% — 1| < C.|X|'/2*¢||'/>*¢ for & € [0, 1/2], as well as (8.2) we deduce:

C. / t
X2 Jime)=p, A +1613/?)

Cot / v _lEL
X137 Jim@=p, g1

and the result follows. O

IG(t, X| < |X |1/ g | V/2He et VIET | gg |

IA

9.2. Behaviour of G(t, X) for t > 1. The behaviour of the function G as t — +0c has
a self similar structure. This is seen by writing the function G (¢, X), given in (5.1) and
(9.1), in terms of the variable

=X+ = 2 L In@). 9.17)
G(t, X) = / dee® [ ay @ti’?r(— : —y))
(A— D Jim@)=p, Im(y)=po V() A
(9.18)

with3/2 < Bo < B2 < 3+ X)/2 (cf. Lemma 5.1).

Moving the integration contour of y downward in the expression of G(¢, X), the first
singularity to be met in the integrand of (9.18) is y = i which is a zero of V(y) (cf.
Proposition 6.1). This gives

G(t, X)—z‘A v1(0)+Gi(t, X),

where
2 29 V(E) .
__c igo V(&) _
o) = o dt e V/(i)r( — 1)), 9.19)
i : V() _7)
Gi(t,X) = ——— d 159/ d = F(— )
160 T —1) /Im(é‘)—ﬂfe IM(y):ﬂ3y V(y)

(9.20)
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and now B3 € ((3 — A)/2, 1). Notice that V'(i) # 0. Indeed, differentiating (5.11) we
obtain:
. . A+1
V(i) =2mwiV 7 i),

where we use that @((A + 1)/2) = 0 and ®@'((A + 1)/2) = —2mi (cf. (3.20)). By
Proposition 6.1, V(% i) # 0. Then:

! : 2i
v(0) = d &0 r ( . ) 901
DT (%) /Im@)zﬁz §VONN\ 7 —9). 02D

We study now the function ¥ (6) and give its behaviour as 6 — =+o0.
Proposition 9.8. There exists € > 0 such that the following estimates hold:
(4=
V0) =are 20 +0O (g (2 ”)9) as 6 — —o0, (9.22)
v1(0) = ay L0 (ef(“lfs)g) as 6 — +oo, (9.23)

where, (cf. (3.11)),

_ 20 o vashin () ves
Co-n vy T T T vty

ai

Proof of Proposition 9.8. We use again contour deformation. In order to obtain the
behaviour as & — —oo we deform the contour integration in ¥ downward. The first
singularity of the integrand that we meet is £ = 3i/2 which is a pole of V(§). Using
(5.11) and (3.20) we obtain:

Res (V,g — 37’) =iV ((1 + %) i) , (9.24)

Res (v,s _6 +2A)i) —Zf?. (9.25)

Therefore

516) — 2i V((1+)L/2)i‘) 30
(=D V(A +1D/2)i)

1 . 2i
de ¢'%? r(—i —'), 9.26
+n<k—1)iv(*2+li)/lm@=ﬁ4 VO (— € -0). 026)

A+l
F(ril) Vi) s,
e
2mi vy

! - 2i
dg V@ (—7 i ) L 27
oDVt /lm($)=/35 sevOr|(—y4¢-n). 62

where B4 € (4 —1)/2,3/2), Bs € (3+1)/2, 1+ X). We have derived (9.26), (9.27)
deforming the contour of integration upward and downward respectively.

i) = ~
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Proposition 13.2 ensures that the function V(&) I” (— AZTI1 (& — i)) is integrable and then,
for Re6 < 0:

. 2i
[ adver (<2 e )
Im(§)=pa4 -

while for 6 > O:

4 2i
/ d OV (—ﬁ(& - i))
Im(&)=ps -

Proposition 9.8 follows from (9.26), (9.27), (9.28) and (9.29). O

< Ce PaRe®) (9.28)

< Ce P Re®), (9.29)

9.2.1. Estimate of G1(t, 0) in formula (9.20). We have the following lemma.
Lemma 9.9. There exist 69 > 0 and C > 0 such that, for all t > 1:
|G1(t,0)|e% < C i1 forall <0, (9.30)
|G1(t,0)] 30 < C 7T forall6 > 0, (9.31)
where G is given by (9.20).

Proof of Lemma 9.9. The function G| may be written as:

_ i i&0
G1(1.0) = =5 /m@) " d& 5% H (1,6), (9.32)

V() _2iy (
Hi(t, = dy —=t =1 |{—
168 /Im(y)—ﬂa g V(Y)t

The function H| is estimated in the same way as the function G (t, &) in Lemma 8.3. To
this end we first perform the change of variables: y = & + {/|£| Z and obtain:

V(S) 2i<J|§TZ+s> 2i
i &= f/ oot VEZvE (A—lrz)

- y)) . (9.33)

(9.34)

Then we deform the contour of integration in (9.34) to the new contour D (cf. Fig. 4).

We then need to bound:
V() _2i (JIEIZ+E) 2i
VIl ‘—t Al F( \/IEIZ)‘IdyI
D, | VIWVIEIZ+E) A—1

that may be estimated following the same arguments as in the proof of Lemma 8.3. The
only difference with the argument used there is how to bound the contribution of the
time dependent term. However arguing as in the proof of Lemma 8.3 and taking into
account that along D; we have Im(/[€]Z + &) < B3 we finally obtain:

\Hi(1, )] < Ctim1 8 e=avEl (9.35)
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Im(Z)

Fig. 4. The curve D

Using (9.1) it then follows

25
|G1(t,0)] < CrtT

for all |#] < R.

To conclude the proof of the Lemma it only remains to obtain estimates as § — 400.
To this end we use contour deformation.To obtain the estimate (9.31) as ¢ — +o0o0 we
deform the contour upward. The first singularity of G (¢, &) islocatedat§ = (3+X1)i/2
(see Proposition 6.1). Therefore:

G(t,0) =b2(l‘)673%9+Q1(t,9), (9.36)
01(,0) = / dt ¢ Hy(1, ©), 937)
Im(&)=Pe
; VE) 2, ( % )
H>(t, = dy —=t =1 | — — , (9.38
2(,§) 20 =1 Jimioress Y P! 16— »). 038

where B¢ € (3+1)/2, (1 +1)), and

2iy
21 T 2i 3+
bat) = 2 (- ( : i—y)).
27 l()\. — 1) Im(y)=p V(y) A—1 2

Since B3 € ((3 — A)/2, 1), we deduce:

Iby(t)| < C17T%, for 1 > 1. (9.39)

The function H, is estimated in the same way as the function G (t, &) in Lemma 8.3. We
change variables as y = & + /|&| Z to obtain:

(. 6) = JiE] J V() _wﬁzmr ( 2i 7 Z) .

y ————2 ¢
Im(Z):% VWIEIZ +&) A—1

(9.40)
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Im(Z)

Ze

Fig. 5. The curve Dy

Then we deform the integration contour in (9.40) to D; (cf. Fig. 5). Since along this new
contour Im(Z) = M, we have Im(\/|E]Z + &) < B3 and then

VIET
2 S < ot = R,
whence
Hy (1, £)] < Crr el 9.41)

Using now (9.37) we deduce that

101(t,0)] < Crio1 =3¢t (9.42)

Combining this with (9.39), estimate (9.31) follows.

The estimate (9.30) for & — —oo is obtained in a very similar way. We deform
downward the contour of the integral (9.33) and we continue the proof as for (9.31).
This concludes the proof of Lemma 9.9. O

9.3. Behaviour as 0 < t < 1, |X| — +o0. For small values of time the solution is
described in the (¢, X) variables as follows.

Lemma 9.10. There exists positive constants § and 81 such that, for 0 <t < 1, the
following estimates hold:

3 _3 —(3-81)x
e 2 X1+ b3(t)e 2X+(9(e (2 1) t)] as X - —o0

G, X) = sl (9.43)

3+4 _3+h - X
aze” 2 Xt +by(t)e 2X+O<e< ) t) as X — +00,

where a3 = —va (cf. (3.13)) and b3 and ba are continuous functions such that
a7 v((1+%) 1)

|b3(1)| + |ba(t)| < Ct'H3.
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Proof of Lemma 9.10. Using (8.33) and (9.1) we obtain:

i , VE) 2y 2iY
G, X) = —/ e Xd / dy———¢ 1" (—) )
T =1 JimE)=p s Im(¥)=—y V(é +Y) A—=1

where By € (3,3%2) and y; > 0 small. Proposition 8.1 implies that G (7, -) decays

exponentially in the & variable in the region & € 7;. This provides the convergence of
all the integrals used in this proof if L is taken sufficiently large.

We can now deform the contour of integration on & crossmg the poles of G (t, &) that
are due to the poles of V(). The closest poles are at £ = 21 &= + =%i respectively. We
deform the contour upwards if X > 0 and downwards if X < 0. We then obtain using
(9.24), (9.25):

G(t, X)

(=) (( A))”/ ot ()
=2 —|V{|1+ e 2 dy r
a7 —1) 2 Im(Y)=—y V(Z +7Y) A—1

+l—/ eiéxdg/ V(E) _7’Y (
T =1 Jime)=p Im(Y)=—» V(§ + Y)

=Ji1+ ), (9.44)

=

P T S e )
2 (A — 1) m(Y)-—yl V( Ai Y)
=J1+ Jp, (9.45)

4 I / eigxdg/ dy _VE) LY
T(A—=1) JimeE)=ps Im(Y)=—y, V(S + Y)

where 7 = 3 — 8, Bg = %% +§ with § > 0 small.
The terms J; in (9.44), (9.45) can be estimated easily. Indeed, they can be written in
the form:

G, X) = &EXG (1, 8)dE, £=1,8.

vl
21 JImE)=p¢

Integrating by parts we obtain:

ey 92
G, X)=— dee't X —

3&—2 (G (, s))

ot )
27 X2 Jim(&)=pe

We can now estimate 6‘2—22 (6 (t, é)) using Proposition 8.1. It then follows that:

C
|| < 2
X= Jim@©)=g,

iEX ! —aE
e T

X
ceh [ e g,
X2 Jim@=p (1+5172)

IA
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In order to estimate the integral we split it as follows:

! —a./[E[t /
35 € ld§| = [...]1d§]
/Im@)—ﬁe (1+1€1°72) Im(©)=r. le1=%

+ / [...]1dE]|
ImE)=pe. |£1=5

< Ct +Ct%.
Then
|h| < CteP™X for |X| > 1,

where £ = 7 for X < 0and £ = 8 for X > 0. In order to compute the terms J; in (9.44),
(9.45) we deform the contour on Y upwards. We cross the first pole of the function

r (2’Y) for Y = 0. However, this point is not a pole of the integrand, because the

—1
functions V ( i+ Y) % (3”‘1 + Y) have also a pole at Y = 0. Therefore the first pole
of the integrand that is found i 1s the one at Y = %=1 Notice that V ( i+ Y ) does not
have a zero before, since %+ 2 = 1+ < + On the other hand =~ 2” =1+,

while the first zero of V (1) is at n = 2 +5 and I1+A <2+ 2. Then, after deforrmng
the integral contour as indicated, the terms Jj can be written as:

2i
2i A = 2iY
J1 —e_%xt ! V((1+—) i) e_%x/ dy —- F( ! )
A—1 2 Im=p ~VEi+Y) \r-1

=e —3X (t+J3) for X <O,

and
3y V(Qi)t

47V ((1+%)i)

2i
i V(2i 3 = 2iY
g [ g LI (1)
27 (k=1 ImM=p ~ VCEFEi+Y) \r-1

=e—3%*x &+J3 for X > 0,
4xV((1+5) i)

where 2 > (A — 1)/2 is such that y» — (A — 1)/2 is small. In both cases there exist
positive constants § and Cs such that for all ¢t > 1:

Ji=e"

|J5] < Cst'*
|J1] < CteP X for |X|>1,

where £ = 7 for X < Oand £ = 8 for X > 0.
It then follows that:

|Ji|+ /2] < CteP X for |X| =1,

where, as before, £ = 7 for X < 0 and £ = 8 for X > 0, and Lemma 9.10 follows. O
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10. The Initial Value Problem

Using the fundamental solution g obtained in Theorem 3.5 we can obtain a solution of
the initial value problem

oh _ L [h] (10.1)
ar ’ :
h(0,x) = ho(x), (10.2)

with L[] defined in (3.2). Assuming that there are not difficulties with the integrals
written below, we would expect, due to the linearity of the problem (10.1), (10.2) the
following representation formula for their solutions (cf. Theorem 3.5):

> Al X dy
hen = [ hoore (' 50) 2 (10.3)
0 y y
We first precise sufficient conditions on /¢ that allow to define % (¢, x) in (10.3).

Theorem 10.1. Suppose that the function hg € C (R*) satisfies

1 00
/O |ho (y)lykdy+/1 lho (M ldy < oo. (10.4)

Then the function h (t, x) defined for t > 0, x > 0 by means of (10.3) solves the
initial value problem (10.1), (10.2).

The proof of this theorem reduces to a detailed analysis of the conditions on /g
yielding integrability of the right-hand side of (10.3).

Under more stringent assumptions on /A it is possible to use Theorem 3.5 to derive
more detailed information on the asymptotics of the solutions of (10.1), (10.2) forx — 0
and x — 0o. The meaning of this asymptotics will be explained in the next section.

Theorem 10.2. Suppose that

lho(X)| < Cx~ 3%, 0<x<, >0, (10.5)
lho (x)] < Cx~ U x >1, ¢>0. (10.6)

Then the function h (t, x) given in (10.3) satisfies for any t > 0,

3

‘h(r,x) A Ox 2 <B_()x 2 for 0<x <1, (10.7)

3+

}h 1, x) — Ay (1) x— 3

=

<B. (x5 for x> 1 (10.8)

for suitable functions A_ (t), A+ (t), B_(t), B:(1).

Detailed proofs of these two results will be given in [12].



Linearized Homogeneous Coagulation Equation 797

11. Particle Fluxes for Singular Solutions of the Coagulation Equation

It is well known that (1.1), (1.2) may be written as
9 9
E(Xf)=—aj(f), (11.9)
)t x) = /O / yK(.2) FO) @) dedy (11.10)
x—y

see [20], as well as [5] for similar formulas in the self similar regime and [15] for an
application of the function j to handle with solutions which are singular near the origin.

The number j (f) (¢, x) represents the flux of particles at x produced by the collisions.
In particular:

d ( [*
- (/R xf(t,x)dx) = j(f)(t, R) — j(f)(t, Ry). (11.11)

Using the formula (11.10) it follows that a solution f of (1.1), (1.2) with the asymptotics
f@, x)~ A& as x — oo can be interpreted as a particle distribution yielding a flux

2
of particles to infinity:
lim j(f)(t, R) =27 A%(1).
R—+00

Notice in particular that f (¢, x) = o(x~G*M/2y a5 x — +o0 implies that the mass of
the particle distribution is conserved. The function f;(x) = Ax~*"/2 can be thought
as a singular steady state of (1.1), (1.2) because j(f;) = 2n A2,

We recall that (3.1), (3.2) has been obtained using

F)=x"7 +g(x.1) (11.12)

in (1.1), (1.2) and keeping just linear terms on g. Then, we can derive formulas for the
particle fluxes associated to (3.1), (3.2) linearizing (11.10), (11.14):

X o0
Jiin(9)(t, %) = /0 / [y*l/zz*/zg(z)+y““2z*3/2g<y)]dzdy (11.13)
xX—y
and

d ([*
o (/R xg(t,x)dx) = jiin(g)(t, R1) — jiin(g)(t, Ry). (11.14)

1

Using g(t, x) ~ a(t) x /% as x — 0 it follows that for all 7 > 0,
limg_ o+ Jiin(g)(t, R) = 0. Therefore the perturbation g does not modify the incoming
flux of mass that is the one of f;(x) = x~G**/2 Moreover

d R
d_ (/ xg (1, x) dx) = —Jiin(g)(, R). (11.15)
t \Jo

Integrating (11.15) we obtain:

R ' R
/ x g0, x)dx = / Jiin () (s, R)ds +/ x g(t, x)dx. (11.16)
0 0 0
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Since the solution g (¢, x) obtained in Theorem 3.5 satisfies g(¢, x) ~ a(¢) x~B+M/2 45
X — 400, taking the limit R — oo in (11.16) it follows that:

o t o
/ x g(0,x)dx = 471/ a(s)ds +/ x g(t, x)dx. (11.17)
0 0 0
The self-similar asymptotics (3.9)-(3.12) implies lim;_, o fooo xg (t,x)dx = 0. Then:

/Ooxg(O,x)dx =4 /ooa(s) ds. (11.18)
0 0

The left-hand side of (11.18) is the initial total mass of the perturbation. The right hand
side of (11.18) is the total amount of particles contained in clusters of infinite size.
Equation (11.18) means that all the excess of particles initially introduced in the system
move as t — +00 to an infinitely large cluster.

12. The Function @

We take now the Mellin transform on both hands of the equation. We recall that the
Mellin transform of a function g(y) is defined as:

M(g)(s) = /0 ¥ le(ndy. (12.1)

Taking the Mellin transform of the right hand side of (3.1), (3.2) we obtain after straight-

forward calculations:
-1 3
) P (—s + E) , (12.2)

P(s) = /Oo gl/2=s ((9 _ 2 9—3/2) do
2

a A
EM(g)(S) = M(g) (S +

1 2—s
+ [ 1—p)32 (es—l - 1) do+°——2V2  (123)
12 s
= 1,(5) + Ia(s) + I3(s) + L. (12.4)

Remark 12.1. If the function g satisfies the estimates (3.5), (3.6) for some r > 1 and
p < 2 such that p < r we will have that its Mellin transform is well defined in the strip
Res € (A/2+p,A/2+7).

12.1. The function P(s). We consider in this section the auxiliary function P obtained
by taking the Mellin transform of Eq. (3.1), (3.2) and first rewrite it in terms of Gamma
functions.

Proposition 12.2. The function P(s) defined in (12.3) can be written as

27 I(s)

PO ==F5=12)

(12.5)
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The function P (s) is meromorphic on the whole complex plane. It has simple zeros and
poles at the points

1
sz(n)zz—n, n=0,1,2,..., (12.6)
and
sp(m)=-n, n=0,1,2,...,

respectively

Proof. We can write the term I of (12.4) as

00 1\ 32
11(s):/ gl/2—sg=3/2 (1—5) —1¢db.
2

. . . -3/2 . .
Using the Binomial Theorem to expand (1 - el) / and integrating each term of the
resulting series we obtain:

© y—n
N + L =273 ( 3/2) (1) = (12.7)

n s+n
n=0

I