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Abstract

In real life strategic interactions decision-makers are likely to entertain doubts about
the degree of optimality of their play. To capture this feature of real choice-making, we
present here a model based on the doubts felt by an agent about how well is playing
a game. The doubts are coupled with (and mutually reinforced by) imperfect discrim-
ination capacity, which we model by means of similarity relations. These cognitive
features, together with an adaptive learning process guiding agents’ choice behavior
leads to doubt-based selection dynamic systems. We introduce the concepts of Mixed
Strategy Doubt Equilibria, Mixed Strategy Doubt-Full Equilibria and Mixed Strategy
Doubtless Equilibria and show the theoretical and the empirical relevance of these

concepts.

JEL Classification: C72, D70, D78.

Keywords: doubts, correlated similarities, adaptive behavior, evolution.

*We are grateful to Pablo Branas-Garza, Ignacio Palacios-Huerta, Ariel Rubinstein and Joel Sobel for
their helpful suggestions. Cabrales gratefully acknowledges the financial support from the Spanish Ministry
of Science and Technology under grants CONSOLIDER INGENIO 2010 (CSD2006-0016), and SEJ2006-
11665-C02-00. Uriarte gratefully acknowledges the financial support from the Spanish Ministry of Science
and Technology and FEDER, grant number SEJ 2006-05455, and the University of the Basque Country,

UPV 00043.321-15836/2004. The usual disclaimer applies.
"Departamento de Economia, Universidad Carlos III de Madrid and CEPR, Madrid 126, 28903 Getafe,

Spain; Email: antonio.cabrales@uc3m.es. http://www.eco.uc3m.es/acabrales.
iDepartamento de Fundamentos del Andlisis Econémico I-Ekonomi Analisiaren Oinarriak I Saila,

Avenida Lehendakari Aguirre 83, 48015 Bilbao, Basque Country-Spain; Email: jr.uriarte@ehu.es.
http://www.ehu.es/jruriarte/



1 Introduction

In real life situations, introspection before a choice is made is pervaded with doubts (or
confidence) about how good will be the consequences associated to the each of the avail-
able alternatives. Even experienced decision-makers often face doubts in their domain of
expertise. Doubts play an important role in decision making. Doubts could be a source of
learning, but has attracted little attention in behavioural economics. The present work is an
attempt at formalizing the feeling of doubts to become theoretically instrumental.

Doubt, in everyday language, is closely related to the notion of uncertainty. In the
Webster’s Encyclopedic Unabridged Dictionary of the English Language, the entry
doubt (verb) is defined as "to be uncertain in opinion". Doubt (noun), on the other hand, is
"a feeling of uncertainty about the truth, reality, or nature of something". The Merriam-
Webster Online Dictionary defines doubt (noun) as "uncertainty of belief or opinion that
often interferes with decision-making".

To be more precise, let us relate doubts with the emotion of regret as studied in regret
theory. Regret (or rejoice) arises by comparing the resolution of the chosen option with that
of the forgone options. Thus, these negative or positive emotions arise from introspection
with information feedback. It is assumed that regret can be anticipated and consequently
it affects decision-making. Doubts, on the other hand, arise from a more basic assessment.
They appear before a decision is taken, when the resolution of the alternatives is still un-
known. Hence, in that respect, the feeling of doubts appear from introspection without
information feedback. The decision maker does not know whether the decision he is about
to make will be good or bad and consequently in his initial assessment doubts arise. We will
assume that agents are doubt minimizers, and that they make the effort of distinguishing the
alternatives by assigning levels of doubts to each of them. Needless to say that doubts are a
subjective emotion, and, in general, the same option could induce different levels of doubts
to different agents. Nevertheless, we shall make the following simplifying assumptions: all
decisionmakers (i) measure the doubts associated to an option by the proportion of people
who have chosen the same option and (ii) assign the same level of doubts to a given option,
in other words, if there are n options there will be just n measures of doubts.

It is probably safe to say that strategic environments are more cognitive demanding and
raise more doubts than the environment in which one has to choose, say, among simple

lotteries (in part because strategic uncertainty is typically of a more ambiguous nature).



Thus, we think that embedding the notion of doubt in a strategic context is likely to be a
fruitful enterprise. To this end, we relate doubts with strategic decisions in a dynamic model
in which doubtful agents interact frequently. We characterize the long-run outcome of their
choice behavior.

Let us think of a game continuously played by two player populations. Each population
has a set of possible strategies from which to choose. We may imagine the following two
separate, but very close, stages in the introspection process of a typical agent.

First stage: as a member of a population, I feel doubts about the exact consequences
of choosing any of the strategies that are available to me, because they depend on the
opponent’s reactions, which, in most cases, are uncertain.

Second stage: how do I cope with that feeling? Does the environment provide me with
information that I might use to construct an acceptable "measure" of my level of doubts?

The first stage depicts the situation in which a subject is directly feeling doubts as a
consequence of the decision he is about to make. Let us talk about the second stage. When
players make choices continuously, they obtain information about payoffs, but also about the
fraction of fellow agents playing each strategy. If an agent observes that many others play
a given strategy, it is natural for him to entertain less doubts about whether that strategy

1" We shall assume that each individual has access to the information

is a "good" option.
about the proportion of agents of his player population playing each strategy. Then each
individual will use that information to build a "measure" of the doubts originated by his
current strategy. This "measure" will be called the doubt function. Doubts about a strategy
which decrease with the number of people using it are the most natural ones? and a great
deal of the paper is dedicated to them.

Since the assumption about decreasing doubts is crucial for some of our results, let us
discuss it in a bit more detail. Each agent has accumulated over time, as a participant in
the game, a certain amount of playing experience, information and knowledge. Furthermore,
people have a tendency to trust the intelligence or experience of others, and thus imitate
them. Then, if the number of agents who play a strategy increase, it could be taken as the

signal of an aggregate improvement in the experience of that strategy’s users. This, on the

one hand, increases its relative popularity in the eyes of those who are currently playing

'Economists have understood for a long time that imitation of “common” behavior is a widespread human

decision-making strategy (see e.g. Smallwood an Conlisk 1979 or Nelson and Winter 1982).
2Even if they are not the only possible type, as we shall see below.



it. Also, it will call the attention of those who are not using it. Hence, it seems natural
to assume that the doubts and fears of an agent about a strategy will decrease with the
popularity of the strategy.

An additional feature of doubts, which we discuss in this paper, is that they give rise
to thresholds and so they are closely related to imperfect discrimination capacity (of real
numbers, such as strategy frequencies and expected payoffs).> It is known that similarity
judgments are part of observed decision procedures (see Tversky (1977), Rubinstein (1988)
and Arieli et al. (2009)). Hence, it seems natural to assume that, with the purpose of
increasing expected payofts and decreasing doubts, the agent would build a procedure based
on those similarity relations to decide whether to continue playing with the current strategy
or switch to a different one (see also Uriarte (1999, 2007).

This adjusting behaviour, with which two opposing population of agents choose over time
the strategies in a game, gives rise to, what we call, the doubt-based selection dynamic model.
We explore the long run properties of this selection dynamics for constant-sum 2x2 games
with a unique equilibrium in mixed strategies. The rest point of the doubt-based selection
dynamics is called Mixed Strategy Doubt Equilibrium (MSDE). Some of the results of the
paper depend on two limiting cases of doubtful behaviour: the doubt-less or alert mode of
play and the doubt-full or absent mode of play. In the former case the agent has extremely
low level of doubts, and in the latter case, the agent has extremely high level of doubts. In
both cases, the agent is not sensitive to the strategy choices of his fellow agents.

We study the relationship between the MSDE and the Mixed Strategy Nash Equilibrium
(MSNE) We show that an MSNE is, under some conditions, a rest point for the doubt-based
selection dynamic system. More specifically, let us assume the situation in which all agents
operate under the doubt-full or absent mode of play (i.e. agents have very high level of
doubts). We show that the system converges to population frequencies close to the Mixed
Strategy Nash Equilibrium when all agents are in the doubt-full mode of play. The following
interpretation can be given to this result. Agents are aware that the proportions with which
each strategy is being played over time are not truly random. Thus, they experience high
levels of doubts out of a fear of being exploited by opponents. The high fear and the doubts
together with the adaptive choices lead the system to the Mixed Strategy Nash Equilibrium.

3The work of Kahneman and Tversky has plenty of examples about how the human cognitive system copes
with such situations of limited capacity for discrimination. See, for instance, Tversky (1977), Kahneman
and Tversky (1979), Kahneman (2003) and the references therein.



Once in equilibrium, payoffs are equalized across strategies but the doubt levels continue
to be high and equal across strategies. Thus, we show the equilibrium is an asymptotically
stable point for the dynamical system in the doubt-full mode of play. We also calculate the
values of the doubt parameter that would stabilize the Mixed Strategy Nash Equilibrium of
2x2 games, and illustrate this finding with explicit calculations both for the “Penalty Kick
Game” of Palacios-Huerta and Volij (2007)* and the “Matching Pennies Game.”

A Mixed Strategy Nash Equilibrium could also be converted into a rest point of the
doubt-based selection dynamics if agents have a very small level doubts (even if they still
decrease in the frequency of play). This is the doubt-less or alert mode of play. Dynamics in
this case are different as any perturbation, however small, sends the system away from the
equilibrium. An interpretation for the result is that the extreme sensitivity to the “opinions”
of others, leads play to a situation where players imitate, whenever doubtful, the current
most fashionable action. This creates a tendency to diverge in population behavior. In
addition, the doubt-less agents are quite satisfied with their current strategies and do not
feel the need to experiment with new strategies to exploit the differences in payoffs and
strategy proportions. Hence, a low level of imitation and strategy adjustment takes place,
and the populations diverges very slowly to a situation where initially popular strategies
dominate.

There are also quite interesting intermediate cases, with strictly decreasing doubts that
are less extreme than the previous cases, in between the doubt-full and doubt-less modes of
play. In this case, we find a kind of herding behavior. The equilibrium of the doubt-based
dynamic system is not the Nash equilibrium and has the following feature: the most popular
strategy has smaller (expected) payoffs. This is a general characteristic of equilibria with
decreasing doubt functions. But in the doubt-full mode of play it is not so evident since
the equilibrium is close to being Nash and we have asymptotic stability, whereas in the
doubt-less mode, we get unstable dynamics. We believe that this feature of equilibria of
doubt-based selection dynamic system is a relevant and robust testable implication for our
model, and we provide some preliminary evidence to support it.

Finally, we should mention as well the case of constant doubts. This means that each

agent’s hesitations and feelings of uncertainty are not affected by the fraction of fellow

4This interesting paper shows how professional football (soccer) players transfer the skills learnt in the

field to the artificial setting of a laboratory and yet play close to the mixed strategy Nash Equilibrium.



agents from his population playing the same strategy. Thus, society does not have any
direct influence on this type of agent. Then we show that the adjusting behavior would lead
us to a doubt-based selection dynamics that is closely related to the replicator dynamics.’

How does this work relate with the existing literature? Given the nature of the paper,
we think that it is in the realm of the experimental literature that we should look into.
Particularly, the experiments where subjects are given information about the performance of
the other participants. In Tang (2001), for instance, the participants in the experiment are
given a precise information about the proportion of subjects playing each strategy as well as
the average payoffs in the two player populations. This experiment contradicts one of our
result, the one that says that the most popular strategy has smaller (expected) payoffs. To
our defense, it should be said that it is not very realistic to provide such a precise information,
-which, in fact, is only known by the experiment maker-, to subjects who are involved in the
experiment. In fact, this kind of information would eliminate the "doubts" that the involved
subjects might feel, a feature that plays a central role in the build-up of our model. Our
view is that experiments should be designed to capture decision schemes actually used by
people. Thus, we think it is more realistic to assume doubtful agents who use similarity
relations to compare expected payoffs and strategy frequencies separately and decide the
strategy choice behaviour.

In Binmore et al. (2001) a subject can compare his performance with the other subjects
in the same population by sawing their median payoff. While holding the same critical stand
as in the previous case, and taking into account that the information now is about payoffs,
we note that the spiral trajectory converging to equilibrium that these authors observe in
the experiment has a theoretical counterpart in the present paper with the doubt-full case,
where the path to equilibrium is shown to be a spiral (sink).

Given the above limitations, we have looked for data coming from field experiment and
provide a supportive piece of evidence for our (doubt) equilibrium condition.

To conclude, we think that this paper, by insisting on doubts related with imperfect
perception, highlights the need of more evidence from fuzzier, that is, more realistic, exper-

imental environments. Thus, our next step should be to test the theory presented in this

paper.

>This result is yet another rationalization for the replicator dynamics. Other foundations for this dy-
namical system can be found in Binmore, Gale and Samuelson (1995), Weibull (1995), Cabrales (2000) and
Schlag (1998), among others.



2 A model of doubt-based selection dynamics

2.1 Notation

Consider a noncooperative finite game G in normal form, with K = {1,2,....,n} denoting
the set of players. For each player k € K | let S, = {1,2,....,my} be her finite set of pure
strategies, for some integer my > 2.

Imagine that there exist n large populations, one for each of the n player positions in
the game. Members of the n populations chosen at random -one member from each player
population- are repeatedly matched to play the game. In what follows, we shall speak of
players when referring to the game G and we shall speak of agents when referring to the
members of the populations. Each agent is characterized by a pure strategy. From now on,
we shall refer to the agent ki as a member of the player population k£ € K who plays pure
strategy ¢ € Sk . Let fri(t) € Fr; = [0, 1] be the relative frequency of ki agents at time ¢,
with f(¢) being the vector collecting such probabilities. Time index suppressed, mx;(f) will
denote agent ki’s expected payoff given the population state f. Without loss of generality,
we may assume that payoffs are strictly positive and do not exceed one; hence, my;(f) € I,
= (0,1]. Finally, 7(f) = %sz(f) 7ri(f) is the average payoff in player population k € K.

i=1

To simplify notation, we shall denote Tei(f) as mp;.

2.2 The doubt-based selection dynamics

The doubt function We assume the game is played by boundedly rational players
who have doubts about how well they are playing. More precisely, every agent of each player
population is endowed with a (primitive) function that we call the “doubt function”. This
function, denoted dj;, measures the doubts felt by agent ki about how good is his current
strategy ¢ € Sy , available to player population £ € K = {1,2,...,n}, as a response to the
strategies that the remaining players are using. Agent ki relates his doubts to the proportion
of individuals who are using his current strategy. We shall assume in this section that the
agents are endowed with a strictly decreasing doubt function. That is, an agent’s doubts
about how well is playing gradually decrease when he observes (or is informed of) a larger
number of agents from his player population playing the same strategy as the one he is

currently using. The underlying logic of this assumption is a belief on the part of agents



about the collective “wisdom of crowds,” combined with the cognitive ease of trusting others
relative to thinking through the decision problem.® Formally,
The strictly decreasing doubt functions.

Each agent ki is endowed with a differentiable doubt function dj; in the set

D dyi © Fr; — [0,1] : with Fei > fri = dkz‘(fki) < dkz(ﬁcz)
and dkz(O) = 1, dkz(l) =0

Given a proportion fy; € Fy; , -known by the ki agent-, and the dy; € D, dy;(fr;) measures
the doubts (about how well is playing the game) felt by the agent ki when the proportion
of agents in player population k£ playing strategy ¢ € Sy at time t is f;.

Remark 1 We highlight the following two types of doubt functions in D, which are relevant

for the results of section 3:

1. Function d° € D which, for every fi; € (0,1), d°(fw) is “arbitrarily close” to 0 (i.e.,
d°(fri) < 6 for all fr; > >0, and & an arbitrarily small number), as in figure 1.

2. Function d*=° € D which, for every fu; € (0,1), d*=(f) is “arbitrarily close” to 1
(i.e., d(fri) > 1 =0 for all fry <1—35, and § > 0 an arbitrarily small number), as in
figure 2.

When dy; = d°, for an arbitrarily small § > 0,we say that the agent ki is in the doubt-less

mode and when dy; = d*=°, for an arbitrarily small § > 0, we say that the agent is in the

doubt-full mode.

Doubt
level
1

d

-

0 1 g,

A similar argument is made in Smallwood and Conlisk (1979).
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Figure 1: Doubt function of an agent in the doubt-less mode of play. His doubts are almost 0 in

the interval (0, 1).

Doubt
level

[=%

0 1 Fy

Figure 2: Doubt function of an agent in the doubt-full mode. His doubts are almost 1 in the

interval (0, 1).

An Index for dissatisfied agents Our adaptive agents are current users of some
strategy and, very likely, past and future user of some others. Inside a player population
its members are likely to share their experience and information about the game. This
naturally leads to imitation processes which give rise to observational learning, herding and
other forms of convergent behavior. Thus, it is reasonable to assume that adaptive agents
have access to information about the relative popularity of each strategy available to them,
as well as to their payoffs. We want to build a reasonable model about how these agents

react to changes in those relevant variables. Let

ki = Qi (Thiy fri, Thjy frj)s © # J

denote the proportion of ki strategists who feel dissatisfied with strategy ¢ at time t. We

require the following reasonable properties (ceteris paribus) for ay;:

1. The proportion of dissatisfied agents with their current pure strategy i € S should

decrease if expected payoffs to strategy ¢ € Si, mp;, increase.

2. If agents ki’s doubts decrease, because the popularity of strategy ¢, fr;, has increased,

the proportion of dissatisfied should decrease too.



3. The proportion of dissatisfied agents with their current pure strategy i € Sy should

increase if expected payoffs to strategy j € Sk, m;, increase.

4. If the popularity of strategy j € Si, fi;, increases, the proportion of dissatisfied agents

with their current pure strategy ¢ € Sy should increase.

In the remainder we use a particular function which has these properties. In the Appendix
we justify and microfound the choice of this function via a model of (correlated) similarities
relations’

Let then
A — 1 )\ki -1

Emk )\kz )\k
m, defined for my; > dyi(fri), is used to build

correlated similarities on the frequency space Fj; (a more detailed account of ay; and Ay; is

Qg =

where the function \g;(7gi, fri) =
given in Appendix A).

The Doubt-Based Selection Dynamics We assume that time is divided into discrete
periods of length 7. In every period, 1 — 7 is the probability that the agent does retain
his current strategy; thus, 7 is the probability that each agent does not retain his current
strategy. We make now the following assumption to build a selection dynamic model®

When an agent feels dissatisfied with his current strategy, she will choose a new strategy
with a probability that is equal to the proportion of agents playing that strategy.

()‘kz

>From Assumption 2.2, 72— sz will denote the proportion of ki strategists who will

choose a new strategy (the outﬂow) and, since a particular strategy is chosen with a probabil-
ity that is equal to the proportion of agents playing that strategy, then 7 ka (’\’”_1 Jrjfri =

(’\’j\—kl) fri is the proportion of agents who will choose strategy i (the inflow), Where A =

D0 M S

Therefore,

fri(t +7) = fri(t) — T(Aki\—_l)flm‘ + T()\k)\—_l)fm'
! k

As 7 — 0, in the limit we get the doubt-based selection dynamic equation:

"For the definition of similarity relation, see Rubinstein (1988).
8For a justification see, for example, Binmore et al. (1995).
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f;i = fri {)\k;—];\m} (1)

To gain some intuition, let us now look at equation (1) in a less compact way. Let G be
a two-population constant-sum game with S; = {U, D} and S;; = {L, R} denoting player
I and player II'’s strategy sets, respectively. Let x denote the probability of playing U, y
the probability of playing L and I = [(z*,1—z*),(y*,1 — y*)] the Mixed Strategy Nash
Equilibrium, with * > 0 and y* > 0.

To avoid the use of four different doubt parameters, we shall assume that the four doubt
functions are the same; that is, dy; = d € D (where k = [,1] and i = U, D, L, R).

>From (1), the doubt-based selection dynamics for G is represented by the following
system:

z(l—x)

T = my (mp —dp) +7p (my — du) (rvdp — mpdy) = Gi(z, y)Fi(z,y) (2)

y(1-y)
7L (TR —dg) + g (7 —dyp)

y = (mrdr — TrdL) = Ga(,y) Fa(7,y) (3)

Clearly, a stationary point for the doubt-based system (2)-(3), with z* > 0 and y* > 0,
requires mydp = mwpdy and wdr = mwrdy,. We call this point the Mixed Strategy Doubt
Equilibrium (MSDE).

2.2.1 Mixed Strategy Nash Equilibrium (MSNE) and Mixed Strategy Doubt
Equilibrium (MSDE)

We should distinguish between the Mixed Strategy Nash Equilibrium (MSNE) and the Mixed
Strategy Doubt Equilibrium (MSDE) for the doubt-based dynamic system (1).

1. In a MSNE the requirement is that all strategies in the support of the equilibrium have
equal payoffs; that is:

ki (f*) = my (f7) for all 4, j with f7 >0 and f; > 0 and all k.

2. From (1) we deduce that for a MSDE the requirement is (recall the assumption dy; =
d € D):

11



i () i (F7)
Note that in this case, the expected payoffs to the strategies in the support of the equi-

for all ¢, j with f7 > 0 and f; > 0 and all k£

librium need not be equal, as it is required in the MSNE. We have the following result:

Proposition 1 Suppose that agents are endowed with doubt functions dy; = d € D . Then
for all k- and all 4,7, with 0 < fi; < fr; <1, since the doubt functions are strictly decreas-
ing, d(f}) < d( f,;“j), and thus, in order to satisfy the Mixed Strategy Doubt Equilibrium

condition, we must have my; (f*) < mi; (f*).

Proof: Direct from the Mixed Strategy Doubt Equilibrium (MSDE) condition.

In words, the more frequent strategies in a MSDE should have lower expected payoffs.
This situation is clearly distinct from a Nash equilibrium and is a general feature of the
(decreasing) doubt-based dynamic system. In section 5 we shall explore the empirical justi-

fication of this result.

3 Doubt-based selection dynamics in constant sum games

In this section we shall explore the relationship between the MSNE and MSDE for different

levels of doubts.

3.1 Relationship between a MSNE and a MSDE

Let us recall what game theorists say about a MSNE:

“The point of randomizing is to keep the other player(s) just indifferent between the
strategies that the other player is randomizing among. One randomizes to keep one’s rivals
guessing and not because of any direct benefit to oneself.” (Kreps 1990, p 408).

The doubt-based model is able to capture that state of players’ mutual guessing that
characterizes a MSNE. Assume that we are dealing with 2 X 2 constant sum games having
a unique mixed equilibrium with full support. Consider Player I; how would this player
interpret different values of (his own probability) x, say 0.2 and 0.6 7 A rational Player
I knows that Player II is randomizing to keep him indifferent between the strategies he is

randomizing among. Therefore, in terms of our model of doubts, x = 0.2 and x = 0.6
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would induce in the Player I’s rational mind the same level of doubts as to which is the best
probability distribution, because both of them get the same expected payoff. But, for the
same reason, Player I’s equilibrium strategy in the game will induce the same level of doubts
as 0.2 or 0.6. In other words, Player I does not see, in a preference sense, any real difference
between different probability distributions in the open unit interval (0,1). As a consequence,
he will have (nearly) equal level of doubts at any z in (0,1). The same will happen to Player
IT.

The above suggests that we should ask first, which are the level of doubts embedded
in the players’ mutual guessing that characterizes steady states very close to the MSNE.
This is answered in Proposition 2 below, where we show that, if all agents are playing in
the doubt-full mode, any interior MSNE coincides with an MSDE ; that is, an MSNE is a
Mixed Strategy Doubt-Full Equilibrium (MSDFE). We also show that any interior point of
the simplex can be a Mixed Strategy Doubt-Less Equilibrium (MSDLE) for some kind of
doubt-less behavior.

The second issue to deal with is the following: how is the MSNE reached? or,which is
the equilibrating process that may lead to the MSNE? This will be answered in Propositions
4 and 5 below.

Let G be a two-population, two-strategy, constant-sum game with [ = [(z*,1 — 2*), (v*, 1 — y*)],
x* >0, y* > 0, denoting its MSNE.

Proposition 2

1. The (Euclidean) distance between an MSDE and MSNE converges to zero as § goes to
zero if every agent plays with a doubt function in the D9 class; that is, if they play
in a doubt-full mode. Hence, an MSNE (z*, y*) € (0,1) x (0,1) is an MSDFE.

2. For any interior point of the simplex A = [(2/,1 — '), (v/,1 —¢/)] (i.e. with0 <2’ <1
and 0 < ¢/ < 1) there is a sequence of functions d° € D? such that the (Euclidean)
distance between an MSDE and A converges to zero as d goes to zero. That is, if they
play in a doubt-less mode, any interior point of the simplex can be a MSDLE for some
kind of doubt-less behavior.

Proof: See appendix C

A straightforward corollary of Proposition 2 is the following:

13



Corollary 3 Let C = [(1/2,1/2),(1/2,1/2)] and d any doubt function in D. Then, if C is
the MSNE of G, it is also an MSDE (i.e. a rest point of the doubt-based dynamic system

(2)-(3))-

This means that if C' = [(z*,1 —z*), (v*, 1 —y*)] = [(1/2,1/2),(1/2,1/2)] is the MSNE
of G, then it is compatible (in the sense of Proposition 2) with agents playing in any of the
two modes of play, doubt-full or doubt-less, as well as with agents endowed with any doubt
function in D between those two extreme doubt functions.

Even though every dy; € D is strictly decreasing, the exact values of the mixed strategy
equilibrium, (z*,y*), with z* and y* > 0, do not matter since every ki agent is endowed
either with a doubt function in the absent mode or in the alert mode. In particular, this
means that Proposition 2 does not impose any restriction on the equilibrium values that
fri might take nor it does relate those probability values with their corresponding expected

payoft values, my;, k = 1,11 and ¢ = 1,2, in a particular manner.

3.2 Learning to Play a Mixed Strategy Nash Equilibrium (MSNE)

We have seen that an MSNE and an MSDE satisfy different equilibrium properties and
therefore, in general, they do not coincide. However, from Proposition 2, we know that an
MSNE could be converted into an MSDE when all agents are either in the doubt-full mode or
in the doubt-less mode. In other words, an MSNE could be converted into a rest point of the
doubt-based dynamic system (2)-(3). Hence, now we are ready to answer the question: how
do the boundedly rational player populations learn to coordinate in the MSNE? Proposition
4, below, shows that an introspective element, such as doubts, could be crucial for learning
to play optimally.

We know that a fully rational player must avoid being guessed by the opponents and that
to achieve this he will behave in such a way so as to create a random sequence of choices.
This suggests that a doubt-less mode of playing -that implies almost no strategy switching
behavior- would be far from being an adjusting process leading to the Nash equilibrium,
and indeed for most MSNE that is the case as proposition 2 shows. It seems that, in an
equilibrating process, what makes more sense is that players should behave in the doubt-
full mode. In our deterministic dynamic model, permanent doubt-full agents will have a
tendency to keep trying new strategies and, thus, generating not a truly random sequences

of choices, but individual processes of trial-and-error adjustments which could find their way
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to the MSNE. In Proposition 4 below we show that this is the case: if every agent behaves as
if he were constantly with a high level of doubts, the agents’ adjusting behavior would lead
them to the MSNE and endow the equilibrium with a strong stability property. Proposition

5 shows that the doubt-less mode of play has just the opposite consequence.

Proposition 4 Let G be a two-population, two-strateqy, constant-sum game with I* =
[(z*,1—2a*), (y*, 1 —y*)], * > 0 and y* > 0, denoting its MSNE. Then a point close to
I* is asymptotically stable for the doubt-based dynamic system (2)-(3) if every agent plays
in the doubt-full or absent mode of play.

Proof: See appendix C

Proposition 5 Let G be a two-population, two-strategy, constant-sum game with I* =
[(z*, 1 —2a*), (y*,1 —y*)], 2* > 0 and y* > 0, denoting its MSNE. If every agent is in
the doubt-less or alert mode of play and the initial conditions of the doubt-based dynamic
system (2)-(3) are different from [(1/2,1/2),(1/2,1/2)], the MSDLE is a source.

Proof: See appendix C

One may then ask about why the modes of play of Proposition 4 and 5 would arise.
Needless to say, doubts are a subjective feeling and hence it is difficult to ascertain the
precise reason why they may arise in each particular case. Proposition 4 suggests that the
origin of high level of doubts lies in the fact that every agent seems to be aware that the
proportion with which each available strategy is being played and the sequence that the
agents, as a player population, are producing is not random. Thus, the high levels of doubts
felt by every member of each player population would arise from the fear of being guessed
and exploited by the opponent. As a consequence, since agents are very unhappy with their
current strategies (measured by a very high valued ay;) a high proportion of agents will
experiment with new strategies in the next period. The fear and the doubts of the agents
will continue to be high and, joint with the choices that exploit the variations both in the
payoffs and in the strategy proportions, the adjusting behavior would lead the system to
the Mixed Strategy Nash Equilibrium. Once in the equilibrium, payoffs are equalized across
strategies and the doubt levels continue to be very high and equal across strategies too.

Thus, the doubt-full mode of play endow the MSNE with strong stability properties
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Proposition 5 suggests that agents seem to be too confident and satisfied with the pure
strategies they are currently playing (they have a very low valued ay;). With almost no
doubts, they would just produce small strategy choice changes, not taking care of the ran-
domness of their sequences. Thus, imitation is almost non existent and the resulting dynam-
ics is not sensitive enough to payoff and strategy proportion changes, however small. These
features would explain why the dynamics do not converge to equilibrium from any initial

point in the state space different from the equilibrium itself.

4 Examples

In the numerical examples, we shall assume, without loss of generality, that the doubt
function takes the following form: dy;(fr;) = (1 — f;)®. Assuming that a € (0, 00), we would
obtain a large enough subclass of doubt functions in the set D. The convex combinations of
elements in this class belong to D as well. Note, in particular, that this class contains the
two extreme types of doubt functions introduced in Remark 1: when « is very small, near

é, is very high for any

zero, the doubt parameter characterizing agent ki, denoted as § =
fri € (0,1). Then the function will have a graph looking like the one of figure 2, and we
shall say that the agent is in the absent or doubt-full mode of play. When « is very high, the
graph of dy; is close to the axes, as in figure 1, and so the doubt parameter, €2 = é, is very
small, for any fi; € (0,1). This is the agent in the alert or doubt-less mode of play.

As in Binmore et al. (1995), we approach equation
. e = Aki
Jri = fri [—)\ } (4)
k
by means of the equation

freitt +7) = fri(t) = Tfri {W} (5)

where the step size 7 = 0.01. We shall consider, like Binmore et al.(1995), that the system
has converged on a point when the first 15 decimals are unchanging.
When doing the numerical examples, we can avoid the problems caused by the degenerate

similarity relation to the dynamic system (2)-(3), when my; < dy;( fxi),- because the agents are
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in the doubt-full mode-, by adding a constant ¢ > 1 to both the numerator and denominator
of A\r;. Then the system will be:

- z(l—ux) _ ) o .
(7TU+C)(7TD+C—dD)+(7TD+C)(7TU+C_dU>[< U+ )dD (D+ )dU}
o= y(1-y) a1t ) — ()]

<7TL+C)<7TR—|—C—dR)+(7TR+C)<7TL+C—dL)

Example The Penalty Kick Game

Palacios-Huerta (2003) found that the equilibrium theory predictions are observed in the
professional players’ behavior: (i) their choices follow a random process and (ii) that the
probability that a goal will be scored must be the same across each player’s strategies and
equal to the equilibrium scoring probability (that is, in the Mixed Strategy Nash Equilibrium
each player is indifferent among the available strategies). Palacios-Huerta and Volij (2007)
extend this result by observing that professional players are capable of transferring their skills
from the field to the laboratory, a completely unknown setting for them, and yet behave in
a way that is significantly near the Nash equilibrium.

Palacios-Huerta and Volij (2007), from a sample of 2,717 penalty kicks collected from
European first division football (soccer) leagues during the period 1995-2004, built the fol-
lowing two player (Player I: the kicker and Player II: goal keeper) two strategy (Left, Right)

game.

(y) L R
()L | 0.60, 0.40 | 0.95 , 0.05
R | 0.90,0.10 | 0.70, 0.30

where 7/(i, j) denotes the kicker’s probability of scoring when he chooses i and the goalkeeper
chooses j, for i,j € {L, R} .The Mixed Strategy Nash Equilibrium of this game is: z* =
0.363 64, y* = 0.454 55.

Football matches are continuously played and players’ game is based on the study of the
opponents in the field and watching their play on TV and videotapes, so that their behavior
in the penalty kicks is collected and analyzed. Thus, there is a history of play of each
player and, hence, an interactive learning process. Thus, a natural issue is to investigate the
type of dynamic process that may lead to the result found by Palacios-Huerta (2003). The

doubt-based model seems to be a suitable model for this task.
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The doubt-based selection dynamic system (2)-(3) corresponding to this game is the

following:
| 2(1 — 2)((0.95 — 0.35y)a* — (0.2y + 0.7)(1 — 2))
T 200,95 - 0.359)(0.2y 1 0.7) — (0.95 — 0.35y)z° — (0.2y + 0.7)(1 — 2)°
= y(1 —y)((0.1 +0.3z)y™ — (0.3 — 0.252)(1 — y)*)

2(0.1 4 0.32)(0.3 — 0.25z) — (0.1 + 0.3z)y> — (0.3 — 0.252)(1 — y)~

The vector field defining (2)-(3) is

(1 —)((0.95 — 0.35y)z* — (0.2y + 0.7)(1 — 2)%)

2(0.95 — 0.351)(0.2y + 0.7) — (0.95 — 0.35y)z* — (0.2y + 0.7)(1 — z)a
y(1 —4)((0.1 4 0.3z)y* — (0.3 — 0.25x)(1 — y)?) )

2(0.1+ 0.32)(0.3 — 0.252) — (0.1 + 0.32)y* — (0.3 — 0.252)(1 — y)°

Fz,y) = (

We compute first the derivative DF'(z,y) and then evaluate DF'(z,y) at (0.363 64, 0.454 55)

to get the following Jacobian matrix:

« 0.14629(—0.2x0.636 36“—0.35%x0.363 64*)
— 1.5818—-2x0.363 64 0.79091-0.363 64~
DF(0363 64’ 0.454 55) - 0.592 88 0.25%0.54545%+0.3x0.454 55% a
! 0.20909—-0.454 55« 0.41818—-2x0.454 55>

It is easy to see that for values of o € (0,0.231 88), all the eigenvalues of DF(0.363 64, 0.454 55)
have negative real parts and the associated determinants are all positive. Thus, the equilib-
rium (0.363 64, 0.454 55) is a spiral sink, for those values of «, and, therefore, it is asymptot-
ically stable. This means that the doubt functions of professional football (soccer) players
are in a set which includes one having a graph looking, approximately, like the one of figure
4. The latter would correspond to the player whose performance shows fewer level of doubts,

d =1/0.23188 = 4.3126, for any frequency level in (0, 1).
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Figure 4. The graph of the doubt function d(fr;) = (1 — fr;)%?3!. The horizontal axis measures

the proportion fj; of agents in population k playing the pure strategy i. The vertical axis

measures the doubt level associated to each f;.

Example 1 The Matching Pennies Game

(yy L R
(z)U|1,05[05,1
D 051105

The Mixed Strategy Nash equilibrium of this game is (1/2,1/2), and the doubt-based
system (2)-(3) corresponding to the game is the following:

z(1—2)(05(1+y)z*—(1—0.5y)(1—12)

205 1 0.25y — 0.2542) — 0.5 (1 + y)a* — (1 — 0.5y) (1 — 2)°
y(1 —1y) ((1.0 — 0.52) y* — (0.52 4+ 0.5) (1 — y)“)

2(0.5 + 0.252 — 0.2522) — (1.0 — 0.52) g™ — (0.52 + 0.5) (1 — y)°

y =

We show now the conditions that makes (1/2,1/2) asymptotically stable in the above
system. More specifically, we show that (1/2,1/2) is a spiral sink.

The vector field defining (8)-(9) is

z(1—2z)05(1+y)x*—(1-0.5y)(1—2))
2(0.5+0.25y — 0.255%) — 0.5 (1 +y) 2 — (1 — 0.5y) (1 — )"

y(1—y) ((1.0 = 0.52) y* — (0.52 + 0.5) (1 — y)*) )
2(0.5 + 0.252 — 0.2522) — (1.0 — 0.52) y* — (0.52 + 0.5) (1 — y)°

Fz,y) = (
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We compute first the derivative DF(x,y) and then evaluate DF(x,y) at (1/2,1/2) to

get the following matrix:

« 0.166 67 0.5%
DF(1/2.1/2) = 1.5—2x0.5« 0.75—0.5% =
( / ! / ) __0.166 67 0.5% a
0.75—0.5« ~* 1.5—2x0.5~

We see that the elements j;;(a) of the Jacobian matrix are three functions whose signs
depend on the value of the parameter o. Furthermore, these functions are all multiplied by
m, and 0.75 — 0.5 = 0 when « = 0.41504. Then it is easy to see that only for values
of avin (0,0.41504) all the eigenvalues of the matrix DF'(1/2,1/2) have negative real parts.
As in the previous example, the equilibrium (1/2,1/2) is a spiral sink.1

5 Testable implications of doubt-based selection dy-

namics

Recall that in a Mixed Strategy Doubt Equilibrium (MSDE), the requirement is that for all
i,J with fi; >0 and f; > 0,
i () kg ()

d(fi)  d(fi)

Notice that this condition applies as well as to a pure decision problem than to a non-

trivial game situation. So a supportive piece of evidence for our equilibrium condition could
come from consumer choice situations. Suppose that several brands of a product are sold
(say automobiles). For a particular category of product (a family sedan, a pickup truck),
sufficiently narrowly defined so that no horizontal or wvertical differentiation of quality is
possible, the presence of multiple brands suggests according to standard theory that the con-
sumer should be (close to) indifferent between them (in our language my; (f*) = 7y (f*)).
Our model, on the other hand, suggests that the quality is lower for brands with higher
sales/market share. In our words, when f;; > fr; we should observe my; (f*) < mp; (f).
Table 1, compiles statistics of mechanical troubles of cars compiled by the German Automo-
bile Club for 2002 (measured by the number of calls for towing-and-repairing to the Club
per thousand vehicles of that kind sold that year), as well as sales in February 2007. It is
interesting to note that for the three best kinds of car in all categories, there is a significant

correlation between sales of a model and mechanical troubles (a correlation coefficient of
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0.65).” This is, of course, far from a proof of our result. The overall correlation coefficient is
of rather uncertain sign,'® but we suspect this is not a stable situation and the “worst” cars
will eventually exit the market. But it is strongly suggestive and it points to an interesting
testable implication from our model.

Our conclusions could also be tested in the experimental laboratory. However, subjects
in experiments usually do not have information about the proportion of people using each
strategy. For example, the only experiment from those surveyed in chapter 3 of Camerer
(2003) in which agents are given that information is the one carried out by Tang (2001).
In that experiment, participants are given a precise information about the proportion of
subjects playing each strategy as well as the average payoffs in the two player populations,
and, contrary to our predictions, the most frequently played strategies have a higher ex-
post average payoff'!. We suspect, though, that the highly precise (and, we would argue,
unnatural) form of the feedback given to subjects,- see Tang’s description of the experimental
procedure -, eliminates the “doubt” considerations that are important in the build-up of our
model.

In real choice situations, an agent does make calculations about what would be the
expected payoffs to his current strategy and spend time and effort in gathering information
about its popularity. It would be unrealistic to assume that the agents get the correct
numbers. But, either with accurate or inaccurate numbers, we think it is more realistic to
assume that agents use similarity relations to compare the expected payoffs and the strategy
frequencies separately. It is known that similarity judgments are part of observed decision
procedures (see Tversky (1977), Rubinstein (1988) and Arieli et al. (2009)). Our view is
that experiments should be designed to capture the decision schemes that are actually used
by subjects. Doubts and the derived similarity relations allow to introduce a procedure
used by agents to build a preference relation between vectors of expected payoffs-strategy
frequencies. This preference relation will tell the agent the degree of satisfaction with his
current strategy and thus determine his adaptive behaviour.

We believe that more evidence, and hopefully, from “fuzzier” (more realistic) environ-

ments would be useful to confront some predictions made in this work. Hence, a translation

9The same computation by category gives a number in excess of 0.75 for each one.
10 And there are, of course, lots of omitted important variables
1 Curiously enough, in the experiment of Tang (2001) only about a fourth of the subjects participating in

that experiment used repeatedly this information on frequencies of play.
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Table 1: Quality and sales by category. Source: ADAC 2002

Model Mechanical problems Sales
Small cars
Fiat Punto 34,5 1176
Renault Clio 32,7 1506
Seat Ibiza/ Cordoba 28,3 1399
Opel Corsa 17,9 4983
VW Polo 16,2 4437
Ford Fiesta 15,9 2906
Medium-sized cars
Renault Mégane 46,2 1508
Ford Escort 27,8 2933
Opel Astra 16,7 5207
VW Golf/Vento/Bora 16,2 11072
Audi A3/S3 15,1 4052
Toyota Corolla 9.8 2236
Large cars

Volvo S40/V40 27,7 811

BMW 3 17,8 6043
Mercedes C 17,5 2848
VW Passat 16,1 7500
Audi A4/54 14,0 5267
Mazda 626 10,2 754

Toyota Carina/Avensis 7,6 1025
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of our theoretical model into an experimental design should be our next task.

6 Constant doubt-based selection dynamics

The individual choice model that we are going to use in this section is derived from a choice
procedure introduced by Aizpuria, Ichiishi, Nieto and Uriarte (1993), (referred to as AINU
from now on), in the space of simple lotteries. We consider now the case when the level of
doubts felt is constant, for any value of fy; € F};. This means that society has no influence
upon the doubt level of the agents. Formally,

The Constant Doubt Function. For all £k € K, ¢ € Sy and fy; € F};, the function

dg; : Fr; — [0,1] is constant; i.e.

dii(fri) = & € (0,1)

We assume that the constant level of doubts ¢, felt by agent ki induces threshold levels in
both expected payoffs and strategy frequencies and that these threshold levels are described
by means of similarity relations.

As in the previous case, it is by means of Assumption 6 about the doubt function that
we may define a similarity relation on II;; = (0,1] and correlated similarity relations on
Fy; = [0,1]. Suppose that (7, fr;) is the vector of expected payoff-strategy proportion
attached to strategy 7 at time t.

The similarity relation on Il;, denoted STIg;, is assumed to be of the difference type and

it is defined as follows

/ /
Tri ST < |Te — | < €

On Fj;, we define now the correlated similarity relations as follows. First, for all my; >
e > 0 we build the function ¢y, : IT;; — (1, 00| as follows,
T ki
Opi(Thi) = ——— > 1
Tki — €k
Then, we can establish the following similarity relation (of the ratio-type) between fi; and

other frequencies in Fj;, such as f},, given ;.

L _fu
Gri(Thi) ~ frs
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We call SFy;(my;) a correlated similarity relation because the similarity on F}; depends
on the level of expected payoff 7, at period t. For values of my; < € the function ¢,; is not
defined and we assume that in that case that SFj;(my;) is the degenerate similarity relation
(see Rubinstein (1988)).

Remark 2 The threshold level in the frequency space is inversely related to expected payoffs:
&bg"ﬂ—(:’”') < 0. This means that as the expected payoffs at stake increases, the discrimination

on the frequency space Fy; increases.

Every agent in a given player position is able to observe the relative frequency of every
strategy available to that position. When an agent feels dissatisfied with his current strategy,
he will choose a new strategy with a probability that is equal to the proportion of agents
playing that strategy.

We proceed as in the previous case (for simplicity we shall write ¢, instead of ¢y, (7x;))-
Let the ratio

O — 1 1
2 O Oy
denote the proportion of ki strategists who feel dissatisfied with strategy i. Note that,

everything equal, this function increases with ¢,,. Hence, an increase in ¢,,;, due to a decrease

in the expected payoffs i, Will increase the proportion of dissatisfied ki strategists.

As before, T(¢k’ f;ﬂ denotes the proportion of ki strategists who will choose a new
strategy at time t (the outflow). Since a particular strategy is chosen with a probablhty
that is equal to the proportion of agents playing that strategy, then 7 Z (% fkj fri =

(‘b’“ sz denotes the proportion of agents who choose strategy 7 ; i.e. the mﬂow (where

Ek = Z i1 Qi fr; is the average perception in player population & at time ¢ ).

Therefore
Jri(t +7) kai(t)—TMfm-l-T[@_ }sz (6)
o P
Proposition 6 As 7 — 0, equation (6) becomes
f;ci = Ji [¢k 3 ¢kz] (7)
k
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1. If for all player position £k € K = {1,2,...,n}, the strategy set Sy consists of two
elements, i.e. if my = 2 then, equation (7) is just the standard Replicator Dynamics

(RD) multiplied by a positive function (i.e. is aggregate monotonic).

2. If my, > 2, then we obtain a selection dynamics that approximates the RD, but preserves

only the positive sign of the RD (i.e. is weakly payoff positive).

Proof: See appendix C

7 Concluding remarks

In 2 x 2 games with Mixed Strategy Nash Equilibria, the introduction of agents with doubts
coupled with (and mutually reinforced by) imperfect discrimination capacity, permits a de-
parture from the long-run behavior of traditional selection dynamic systems. For instance, if
we assume that the feeling of doubts is sensitive to the popularity of a pure strategy we then
obtain doubt-based selection dynamics that are not payoff monotonic. The main feature
of the doubt-based system is that its equilibrium does not require expected payoffs to be
equalized across strategies. Nevertheless, the curvature of the decreasing doubt functions
has strong implications on the long run behavior of the system. If agents play in the doubt-
full mode,- i.e. agents are endowed with an extremely concave doubt function-, a Mixed
Strategy Nash Equilibrium is a Mixed Strategy Doubt-Full Equilibrium and it is shown to
be asymptotically stable. But stability is lost when agents are in the doubt-less mode, i.e.
when they are endowed with an extremely convex doubt function. An interesting case occurs
when the doubt functions are between those two extreme cases. Then an agent’s doubts are
heavily influenced by the relative popularity of each of the pure strategies available to his
player role. This leads to a kind of conformity behavior and to a mixed strategy doubt
equilibrium in which the most popular strategies receive lower expected payoffs. We present
some preliminary data whose qualitative features are along the lines of this theoretical result.

The present behaviorally-based theoretical work could be applicable to experimental re-
search. To do this, experiments should be designed to capture two features of bounded
rationality that, in our view, are embedded in our daily choice-making behavior: doubts
and imperfect perception. For example, feedback on the popularity of different strategies

would be important (most experiments on games with mixed strategy equilibria reported
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in Camerer 2003 did not provide subjects with such information), as well as less sharply

defined payoffs. We think that evidence from environments capturing those features would

open fruitful lines of experimental research.
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Appendices

A Doubts and Imperfect Discrimination Modeled by

Similarity relations

In the present model, doubts are closely related to imperfect discrimination capacity ( of
real numbers, such as strategy frequencies and expected payoffs). An environment shaped
by uncertainty and doubts about the correctness of the choices made is effort demanding
for the cognitive system of decision-makers. One way subjects cope with the ambiguous
nature of this situation is by simplifying its complexity; for instance, by grouping numbers
in intervals of similarity. Inside those intervals, whose size depend on threshold levels that
change continuously, values - of, say, expected payoffs and strategy frequencies -, are not
distinguished. We, thus, model subjects’ imperfect discrimination by means of similarity
relations'?>. Let (m, fri) be the vector of expected payoff-proportion of agents of player

population k attached to strategy i € S, at time t.

1. dg; defines on the space of expected payofts, I1;; correlated similarities of the difference-

type as follows: given fi;, the similarity interval of my; is:

(Thki — dii(fri)s Thi + dii( fri)]

Thus, given fi;, the doubt level, dy;( fx;), determines the threshold level on Il;;. Payoffs
inside the similarity interval are not discriminated by the agent. By Assumption 2.2,
if fy; increases, the threshold, dy;(fx:), decreases and so the similarity interval of 7y,
shrinks. This means that when fy; increases, the discrimination capacity on the space
of expected payoffs to strategy i, Ilj;, increases (probably because the accumulated
experience with strategy ¢ has increased due to the increased number of agents from
population k currently playing strategy ¢). This increase in perception induces a kind

of vertical wedge type form as it can be seen in figure 5.

12They are, in fact, correlated similarities: an extension of the similarity relations defined by Rubinstein
(1988). Rather than being constant, correlated similarities depend on the value of some relevant parameter.
For more details, see Uriarte (1999) and (2007).
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2. dj; builds the \g; function, which, in turn, is used to define on F}; correlated similarity
relations of the ratio-type. The A; function is defined as follows: given d; and fi; €

(0,1), then for all expected payoffs mr; > di;(fri),

Tki
Thi — dkz(sz)
Thus, for each fy; € (0,1), when mg; > dii(fri), the Mg function defines a correlated

Nei (This fri) = >1

similarity relation on Fj; whose similarity interval for that fy; is:

i/ Mi ()5 fri-Awa (V)]

If mp; < dii(fri), then we would have instead a degenerate similarity relation; that is, a
similarity relation with intervals in which the greatest number similar to fz; is 1, and the
smallest number similar to fj; is 0. In other words, the similarity intervals for fy; will always
be [0, 1]. Notice that m; < d;i(fr;) would happen in the case where all agents play in the
doubt-full mode, as it happens in Proposition 4; that is, when dy;(fx;) is almost 1 for all
fri € (0,1), k € K and i € Sg. The condition 74 > dpi(fri), for all fr; € (0,1), would
be satisfied when all agents are playing in the doubt-less mode, as in Proposition 5; that is,
when dy;(fxi) is almost 0 for all f; € (0,1), k € K and i € Si. Indeed, my; > di;( fr;) would
also happen, for some fi; € (0,1), when we consider doubt functions between the above two
extreme modes.

Note the following nice properties of A\g;(Tri, fri):

(i) given fx; and dy;, if m; increases, \g;(7g;, fxi) decreases and thus, the similarity interval
shrinks. This means that when the expected payoffs at stake increase, the discrimination
efforts on the frequency space, Fj;, increases (generating a kind of horizontal wedge type
form as it is shown in figure 5)

(ii) keeping the function dy;, and 7y; constant, if the frequency fy; increases (that is,
if the accumulated experience with strategy i increases), Ap;(7mxi, fr;) decreases and so the
similarity interval of the higher frequency shrinks.

Based on a model developed in Uriarte (1999), Uriarte (2007) shows how these two cor-
related similarity relations are used to build a (non-complete and non-transitive) preference-
indifference relation defined on the space of expected payoffs and frequencies, I1y; x F;,

attached to pure strategy ¢ € Sy. The distance to the upper contour set, denoted U =
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Figure 1: Figure 5. Preference-indifference relation compatible with correlated similarities. Rela~
tive to (mxi, fri), U = UsUUgUUjs denotes the upper-contour (or aspiration) set, L = L,ULgULs

the lower contour set and the darker area is the indifference set.

U,UUzUUs, (which might be thought of as the agent’s aspiration set) depends on how thick
the indifference set of (my;, fr;) is. We assume that agents are preference-satisficers; that is,
they choose a strategy to reduce the distance from (7, fx;) to U. This can be achieved by
reducing doubts and/or increasing expected payoffs. The smaller (greater) that distance the
more satisfied (dissatisfied) the ki-agent will be with his current strategy.

It can be seen that the properties (i) and (ii) of \x; capture the changes in the thickness
of the indifference sets. Hence, the \i; function can be thought of as an index of how satisfied

the ki-agent is. See figure 5.

B Properties of the Index for Dissatisfied Agents
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The properties we require for the ay; function follow naturally from the properties of Ay,

when «;4; takes the following form:

M1 A1

(677}
That is,

1. 1. The proportion of dissatisfied agents with their current pure strategy i € S; should

decrease if expected payoffs to strategy ¢ € Sy, mp;, increase.

i i _ —dri(fe) ),
Oa; _ 87r_};:1/\k B 87r_',; (/\kl B 1) _ (mri—dii (fri))? O\k Aki + 1) <0

2. The proportion of dissatisfied agents with their current pure strategy ¢ € Sy should

increase if expected payoffs to strategy j € Si, my;, increase.

—dye; (fij)
N _ =OUki) 1
Oowi _ _a”Z; (Aei — 1) _ (mxj—d (frs)) \ ) > 0
Oy 22 - \2

kj k 2

3. If agents ki’s doubts decrease, because the popularity of strategy i, fi;, has increased,

the proportion of dissatisfied should decrease too.

o)) O\ Wkiwgifiqkl)

S Lok T O oy

0o = 8f:i Ak — 8f:i ()\]“ B 1)  (mri—dri (fri))? ()\k Aki 1) <0
= ; _ ’

8fki /\k )\k

4. If the popularity of strategy j € Sk, fij, increases, the proportion of dissatisfied

agents with their current pure strategy ¢ € Sy should increase.

wk-adkj(fkj)
Iy T Ofkj |
aaki B __8f:j (>\kz — 1) B (“kj*dkj(fkj))Q ( kl)
= 5 = 5 >0
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C Proofs of propositions

Let

(y) L R

(x)U aii, b1 | a1z, Do

D a21, bay 22, baa

denote the 2 x 2 constant-sum game G, and I* = [(z*,1 — 2*), (y*,1 — y*)] ,with * > 0 and
y* > 0, the Mixed strategy Nash Equilibrium of GG. To get this equilibrium, we may assume,
without loss of generality, that a;; > as1, b1y < bia, a2 < age, and bas < byy. Recall that
payoffs are normalized so that they take values on (0,1]. Recall too that to avoid the use
of four different doubt parameters, we shall assume that the four doubt functions are the
same: dp = dy = dr = dj, = d. The doubt-based selection dynamics are represented by the

following system:

. z(l—ux) - .
v iy (mp —dp) + 7p (7y — dy) (rudp = mpdy) (C1)
z(l—ux)

T T (mp —dp) + 7p (Ty — dpy) ((a11y + a12(1 — y))dp (1 — z) — (ag1y + asn(l —y))dy (x))

= Gl(x7y>F1(xay)

o y(1—y)
vy = 7TL(7TR—dR +7TR(7TL—dL) (T[-LdR_ﬂ-RdL> (02)
y(1—vy)

- 7w (mr —dg) + g (7 — dr) ((b11z + bor (1 = 2))dg (1 = ) = (bra + bas(1 = 2))d (y))

Ga(z,y) Fa(z,y)

Proof of Proposition 2:

We must first show that a Mixed Strategy Nash Equilibrium (MSNE) converges to Mixed
Strategy Doubt-Full Equilibrium (MSDFE) as § converges to 0 in dy; = d'~° € D% C D
(see Remark 1). Note that, by construction of the \y; function, the denominators of the

system (C.1)-(C.2)) are positive.
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1. An interior rest point of (C.1)-(C.2),(i.e. a MSDE), satisfies:

(any +aiz(1—y)dp (1 —2) — (any +ax(l—y))dv(z) = 0
(bHI -+ b21 (1 — l’)) dR (1 — y) — (b12$ + b22 (1 — m)) dL (y) =0

Then, if d; € D'~ for i € {U, D, L, R},

e Ao@ )
im ———— = lim ——————
0—0 dD (1—1’) d—0 dR (1 —y)
Now suppose that we are in the MSNE, (2*, y*) € (0,1)x(0,1), of G and that d; € D*~2.
Then, the strategies available to each player get the same expected payoff; that is
auy* + a9 (1 — y*) = Cbgly* “+ Q99 (1 — y*> and b11$*+621 (1 — .13*) = blgx* +b22 (1 — Hf*)
Thus,

=1, for all (z,y) € (0,1) x (0,1)

y (any* +aw(1—y*)dp(1—a*) . (bua™ +by (1 —2%))dr(1—y")
1m = 111m
6—0 (agly* + G99 (]_ — y*)) dU (l'*> 0—0 (blgl'* + b22 (1 — ZL'*)) dL (y*)

This, plus continuity, establishes the result.

=1

2. We show that for all (z/,¢') € (0,1) x (0,1), there exists a sequence of functions
d’ € D’ and a § low enough that the rest point of (C.1)-(C.2) cannot be any C #
[(z/,1—2'),(y,1 —4)] for any § < ¢’ and then the result follows.

An interior rest point of (C.1)-(C.2) must satisfy:

(any+ a2 (1 —y))dp (1 —2) = (any +ax (1 —y))dy (x) =

0
(blll’ + b21 (]_ — IL‘)) dR (1 — y) — (blgfb -+ b22 (1 — JZ)) dL (y) = 0

For interior rest points, this implies that

(an1y + a1z (1 = y)) % —(amy +axn(l-y)) = 0
(bul’ -+ b21 (1 — I)) %(;)y) — (blgx + b22 (1 — l’)) =0

Let C' = [(z*, 1—x%), (y*, 1 —y*)], with z* > 2’ and y* > y/. We construct the doubt function
d7,(fri) in D as follows:

— L0 i fu <o
ki .
&y(fir) =4 0 if § < fri < 2

Fri

o (1 - Fe) 0 i frg > 2
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where z € {2/,y/} and 0 > 0. Note that as § approaches 0, the graph of dj, function
approaches both the horizontal and vertical axes and the agent is said to be in a doubt-less
mode.

Now, for x > 2/(> 0.5) and y > y/(> 0.5), there exists a & low enough such tat for all
§<4,

1—x

dp(1—z) y _ i (1—95')1/5
dU (37) ﬁ (1 . x)l/é 1—x

dr(1—y) 55 _ i (1—y’>1/5
dr, (y) 68 (1 -yt L—y

(1—y")/?

Note that we can make § 5~ > 0 sufficiently big by choosing a sufficiently small § and that
1—2'">1—x. Then

any + ax (1 —y)
(

blgl' + bgg
b1z + by

(
(
(
(

and thus

1-2z 1—a 1/
(an1y + a2 (1 —y))d (1_3:) —(a21y +an(l-y) > 0

Lo 1— 1/6
(blll'—i-bgl (1—$))5Ty (1_?;) —<612$+b22 (1—33)) > 0

Now suppose that 0.5 > x > 2’ and 0.5 > y > y’. Then,

1—x
53 1
dp(1—-x) _ (-7 —51‘?”( - )1/6
v () T (L= ) I
s 1
dr (1 —1y) 1) 7Y’ o (y \Y°
AT T el e
5 —
o e (1Y) !

If we choose a sufficiently small §, both of the above ratios can be made sufficiently small
so that
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any + ags (
any + apz (1 —y)

and thus

8

(any +az (1 —y)) 5 <

—_
[
S

1/6
) — (azly + Q92 (1 —y)) < 0

12y 1/6
(bnx + bgl (1 — l’)) LK) (L> — (blgl' + bgg (1 — ZL’)) < 0

If x <2’ <0.5,

If 0.b<a<a,

28 gy
du ()
We proceed in the same manner for 3. In both cases, we can choose a § sufficiently small
so that

1—2x

(any+aa(1=y))6 7 — (any +axn (1 -y))

£
(biaz + boy (1 — 7)) 65" — (broz + bos (1 — 7)) #

0
0
1. The argument is equivalent for y/. W

Proof of Proposition 4

Let I* = [(z*,1—2%),(y*,1 —y*)] € (0,1) x (0,1) be an interior Mixed Strategy Nash
Equilibrium (MSNE) of G. In this equilibrium, expected payoffs are equalized across strate-
gies; that is, 1y = mp and 7, = wg. From Proposition 2, we also know that an MSNE
is a Mixed Strategy Doubt-Full equilibrium (MSDFE); that is, mydp(1 — %) = mpdy(z*)
and mdr(1 — y*) = mrd(y*). Hence, an interior MSNE is a stationary state of the system
(C.1)-(C.2) if all agents behave in a doubt-full mode.
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Thus, Fi(z*,y*) = 0 and Fy(z*,y*) = 0, where

Fi(z,y) = mydp(l—z)—mpdy(z)

= (any+ a2l —y))dp (1 —2z) — (any + an(l —y))dy (x)
Fy(z,y) = mrdr(l—y) — mrdi(y)

= (bypx+by(1 —2))dr (1 —y) — (box + baa(1 — x))dy (v)

and

OF(z,y) - ddp(1 — x) ddy (x)

oz - ox — D ox
OF(x,
% = (an — a12) dD(l — ZE) + (CLQQ — CL21) dU(f)
OF,(x,

28(§ y) = (b11 — b21)dr(1 —y) + (ba2 — b12) dr.(y)
OFy(w,y) _  Ode(l—y) _ 9di(y)

oy L oy R oy

On the other hand, the Jacobian J(z,y) of the dynamic system (C.1)-(C.2) evaluated at
the steady state (z*,y*) is:

Gl(x*,y*) OF1 (z,y) Gl(m*,y*) OF1 (z,y)

ox oy N
J(x*)y*) — . I* . I
GQ(ZE*, y*> 3F28(x ) GQ(ZE*, y*) aF%(y )

I
In an MSNE, 7y = wp, 7, = wg. If, on the other hand, agents are playing in a doubt-full
mode, (that is, d; € D'™° for i € {U, D, L, R} with lims_ody () = lims_odp (1 —2) =
lims_odyr, (y) = lims_odg (1 —y) and being nearly 1, for all (z,y) € (0,1) x (0,1)). Then,
writing d; (.) = 1, we would also have mydp = mpdy and Tdgr = Trdy.
Hence, in an MSNE as an MSDFE :
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(1 — z¥)

G1($ 4 ) - 27TU7TD—7TUdD<1—JI*)—WDdU(ZL‘*)
B (1 — %)
 mu(2my — dp(1 — 2*) — dy(a%))
(1l —aY)
- 2mp(ny - 1)
- y'(1—y)
Ga(z",y") DT —

Thus, the elements of the Jacobian matrix are the following:

8Pﬂl (fL’, y)
ox I

_ o) (WUadDa—a:)_ 0@(@)]

Jin = G1($*7 ?J*)

27TU(7TU — 1) Ox mu ox
_ 2*(1-2%) (ddp(l—=x) ddy(z)
 2my —1) < ox - ga; )1
Jiz = Gi(z",y") —aFl(;;y) *
Q-a) o Y (e — .
2y (my — 1) (@ 12) dp(1 ) + (a2 21) dy (7))

. 8F2($7y>
- G * %

J21 2(1. Y ) ay
y'(1-y")
27TL(7TL — 1)

I*

((b11 = b21) dr(1 — y*) + (baz — bi2) dr(y"))

OF,(z,y)
oy |

y*(1—y") <5dR(1 ~y) 8dL(y))

2(r, — 1) dy 9y )

Jo2 = Gz(x*;y*)
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Recall that the real part of the eigenvalues of J(x*,y*) only depends on the sum of the

diagonal terms (the trace of the matrix):

Trace of J(a%,y") = Gi(a”,y7) w G y) _8F2a(§’y) -
(1 —2%) (0dp(1 —z) Ody(x)
2 —1) ( or Oz )1*
L=y <0dR(1 -y) 8dL(y))
2, — 1) Ay ay ),

Note that the expected values 7y = a11y* + a12(1 — y*) and 7, = byy2* + bey (1 — 2*) are
smaller than 1 because, by assumption, payoffs take values in (0, 1] and we are considering
interior mixed equilibria, (z*,y*) € (0,1) x (0,1). Thus, both % e _xl)) and y yl)) are
8‘1”(%—33) — adggﬁ”)ﬁ and (ad}%; v _ 8‘%; )>I* is clearly p081t1ve (that

is, the signs of the derivatives of dp(1—x) and dr(1—y) with respect to z and y, respectively,

negative. The sign of (

are positive and those of dy(z) and dy(y) are negative). Thus, j;; < 0 and ja» < 0 and so
the sign of the trace is negative
OF(x, v OF5(z,
G e Gt )

0
or | dy IJ <

Without loss of generality, we may assume, for an interior equilibrium, that a;; > asq,

sign {Gl (x*,y")

b11 < big, a1a < asgs, and bgy < byy. Then it can be seen that the sign of jo; X ji2 is negative,

when the agents are playing in the absent or doubt-full mode:

y(1—y)

x*(1 —z¥)
27TL(7TL — 1)

om0 (mo — 1) ((a11 — az1) + (ag — a12))> <0

(b1 — b12) + (bgo — b21)> X (

Jo1XJ12 = <

Thus, the determinant associated to J(z*,y*), Det J(z*,y*) = j11X joo — Jo1 X ji2 , has
a positive sign. Therefore, when every agent is in the absent or doubt-full mode of play, the
MSNE, I* = [(z*,1 —z*), (y*, 1 — y*)], is a sink and therefore is an asymptotically stable

equilibrium.l

Proof of Proposition 5

Recall that from Proposition 2, an interior MSNE is a stationary state for the system
(C.1)-(C.2) if all the agents behave in a doubt-less mode. In that mode of play, 7; > d; for
i € {U,D,L, R} and d; € D° taking values arbitrarily small in (0, 1).
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As in the proof of Proposition 4, we look at the Jacobian J(x,y) of the dynamic system
(C.1)-(C.2) evaluated at the MSNE (z*, y*) as an MSDLE. Since 7; > d, for i € {U, D, L, R},
it can be seen that j;; > 0 and joo > 0 and jo; X jio is negative. Thus, the signs of the Trace
of J(x*,y*) and the Det J(z*,y*) = j11X jog — jo1 X J12 , have positive signs. The MSDLE
is therefore a source.l

Proof Proposition 6:

(a) Let Sy, = {1,2} be player population k’s strategy set. Without loss of generality, let

us refer to the dynamics of strategy 1. Then, by equation (1), we have

fu = fudp — dudy (C.3)
= o Srr(Trr — )
Tt (The — €x) + T2 (T — €x) o
€k _
= —fki[ﬂ'ki - 7Tk]

D(f)

where D(f) = w1 (mre — €x) + Tr2(mr1 — €x) > 0.

By equation (C.3), the growth rates % equal payoff differences [ry; — 7] multiplied by

a (Lipschitz) continuous, positive function %. This concludes the proof. (Note that, given

€, a payoff difference [my; — 7] will have stronger dynamic effect if D(f) is low than if it is

high; if €, decreases, the dynamic effect of [ry; — 7x] decreases).
(b) Easy.l
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