Universal codomains to represent interval orders
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Summary

We introduce the notion of universal codomain for a class of binary relations. We say that a nonempty
set Y endowed with a binary relation Ry is a universal codomain for C, if the representability of an
element of C in some particular classical sense is equivalent to the existence of amap F' : X — Y
such that xRy <= F(x)RyF(y) (x,y € X). Given an interval order defined on a set, we study
its representability by means of a single monotonic function that takes values on a suitable universal
codomain.

Representability of interval-orders

A binary relation ‘R on X i1s said to be an interval order 1f it 1s reflexive and
(xRz) and (yRw) = (xRw)or (yRz) foreveryz,y,z,w e X.

Notice that R is, in particular, complete, because for any x,y € X it follows by reflexivity that (zRx)
and (yRy) and, by hypothesis, this implies that (xRy) or (yRx).

An 1nterval order R 1s said to be representable if there exists a pair of functions u,v : X — R such
that xRy <= u(x) <v(y) (z,y € X).

Interval orders are perhaps the best class of ordered structures to build models of uncertainty or to
represent and manipulate vague or imperfectly described pieces of knowledge. The representability of
an interval order ‘R defined on X by means of two functions u, v : X — IR leads us in a natural way to
use interval methods to deal with this kind of orderings, namely an element x € X would be assigned
an interval [u(x),v(x)| (that may eventually collapse into a point if u(x) = v(x)) of real numbers.

Given an interval order R we shall associate two new binary relations R™ and R**, that are defined by
rR*y < (yPz = 2Pz (z € X)) and similarly 2R*"y <— (zPx = 2Py (2 € X)). We
denote zP*y <— (yR*z), 2P**y <— (yR**x), 21"y <— zR*yR*z, 2Ry — (yP** 1)
and zZ**y <= 2R™yR**x (r,y € X). Now we may observe that zP*y <= zPzRy for
some z € X (z,y € X), and, similarly, v/P**y <= aRzPy for some z € X (z,y € X). Itis
straightforward to see that R is transitive (hence it is a total preorder) iff R, R*, and R** coincide.

It 1s already known that the representability of an interval order R, through a pair of functions u, v :
X — R s is equivalent to the representability of R through another pair of functions v’,v" : X — R
such that, in addition, »’ and v’ represent the associated total preorders R** and R™, respectively.

Universal codomains

Let C be a particular class of binary relations defined on X (for instance, C could be a class of total
preorders, or interval orders, or semiorders). We say that a nonempty set Y endowed with a binary
relation Ry 1s a universal codomain for C if the representability of an element of C in some particular
classical sense (e.g.: the representability of interval orders R through a pair of real-valued functions
is equivalent to the existence of amap F' : X — Y such that #Ry <— F(2)Ry F(y) (z,y € X).

Let R be an interval order on X representable by means of a pair (u, v) of real-valued functions. Now
we may identify each interval [u(z), v(z)] with the point (u(z), v(x)) of the plane R?. This suggests
that some suitable subset of the plane R? could be a universal codomain to represent interval orders.

Let us introduce now another motivation, based upon a standard construction, that also suggests the
use of suitable subsets of R? to build universal codomains to represent some classes of binary relations
(in particular, interval orders).

Proposition 1 Let R be a binary relation on X and G = {(x1,19) € X x X : x1Rxo} denote the
graph of R. Endow now the graph Gp with a new binary relation R(G) given by

(21, 22)R(G)(y1,42) <= 1 Ry>.
Then the following properties hold true:

(i) The new relation R(G) is reflexive.
(i1) If R is an interval order, then so is R(G).
(iii) If R is an interval order, then P(G) is given by
(21, 22)P(G)(y1,42) == (1 Rx2).
(iv) If R is an interval order, then I(G) is given by
(21, 22)L(G)(y1,42) <= (21Ry2) and (y1Rx7).
(V) If R is an interval order, then R*(G), P*(G), Z%(G), R**(G), P**(G), T**(G) satisfy that

(x1,22)R*(G)(y1,y2) <= 2R*yo, (x1,22)P*(G)(y1,y2) <= x2P*ypo,
(21, 22)Z%(9)(y1, y2) <= x2L™yo, (21, 22) R*™(G)(y1, 12) <= 1Ry,
(21, 22)P*(G) (1, 12) = =1 P y1, (21, 22)L7%(G)(y1,12) <= 11"y

Motivated by the construction above, we analyse now the following set to represent interval orders:
LetY = G< = {(a,b) € R?: a < b}. Endow Y with the binary relation Ry given by

(a,0)Ry(¢c,d) <= a<d ((a,b),(c,d) € ).
Proposition 2

(1) The binary relation Ry defined on ) is an interval order.
(11) The interval order 'Ry is representable by means of a pair of real-valued functions.
(iii) The structure (Y, Ry) is a universal codomain to represent interval orders.

(iv) The structure (), Ry) is equivalent to the structure (ST, R) of interval ordered symmetric trian-
gular fuzzy numbers. (Hence, (ST ,R) is also a universal codomain to represent interval orders).
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Continuous representability and universal codomains

Let R an interval order on a topological space (X, 7). We say that R is 7-continuously representable
if there exist continuous u,v : (X, 7) — (R, 7,) such that xRy <= u(x) <v(y) (r,y € X).

It 1s quite natural to look for universal codomains that have an structure similar to that of the binary
relations ‘R belonging to the class C that we are trying to represent in those codomains. In the particular
case of (), Ry), if we deal with representations of interval orders by means of a pair of continuous
real-valued functions, we should endow )/ with a topology 7y, such that the projections p1,p2 : JJ — R
become continuous. Thus, for every a € R the subsets pz-_l(a, +oo),pz-_1(—oo, a) CY (1=1,2)
must be 7)-open. This suggests to endow ) with the topology 7y defined from the subbasis:
S={[(—00,a) x RIN Y} U{[R x (—o0,b)] N Y} U{l(c, +o0) x RN Y} U{IR x (d,+o0)] NV }.
It is straightforward to see the topology 7y, defined by S is actually the usual Euclidean topology on ).
Moreover, a glance to Proposition 1(v) and Proposition 2(11) shows that, with respect to the Euclidean
topology on )/, the projections pi, po are continuous representations for, respectively, 7?,3,* and R”j,
relative to the interval order R. This fact has the following consequence.

Proposition 3 The structure (Y, Ry, 7,) is a universal codomain to represent interval orders defined
on a topological space (X, T), by means of a pair of continuous functions u,v : (X,7) — (R, 7,) such
that tRy <= u(x) <wvl(y) (x,y € X) and, in addition, u represents R** and v represents R*.

Finally, we analyze now the relationship between the continuous representability of an interval order
R on a topological space (X, 7), and the continuous representability of the interval order R(G) (see
Proposition 1(i1)) defined on the graph Gx, on which we consider the topology 7¢ given by restriction
of the topology 7 x 7 on X x X. Forevery x = (z1,x9),y = (y1,%), 2 = (21, 29) € Gp, denote:

Up<g>(ilf> — {y : rz:P(g)y}, Up*(@(a:) — {y : a:P*(Q)y}, Up**<g>(£€> — {y : ajp**(g>y}7
Lpgy(x) ={z:2P(G)z}; Lpyg)(z)={z:2P(G)z}; and Lpwg)(z)={z:2P"(G)z}.

Lemma 4 Let R be an interval order on a set X. Let x = (x1,x9) € Gp. Then:

(i) Up(gy(z) = (Up(x2) x X)NGr (i) Lpg)(x) = (X x Lp(z1)) NGR
(iii) Upe(g)(x) = (X x Up-(22)) N G (iv) Lpe(g)(2) = (X x Lpe(22)) NGr
(V) Up**@)(a;) = (Up**(xl) X X) NGpR (V1) LP**(Q)<$) = (Lp**(ajl) X X) NGR.

In particular, in the case of the usual total order < defined on the real line R, we have the following
contour sets in Gp:

(x1, Xz),___

Up (g) (X1, x2)

As an immediate consequence of Lemma 4 and the continuity of the projection maps, we obtain the
following result. (Recall that a topology on X is said to be natural for R if all Up(z) = {y : 2Py};
Lp(x) ={z: 2Px}; Up«(x) = {y : «P*y}; Lp(x) = {2 : 2P*x}; Upw(x) = {y : 2P**y} and
Lpw(x) = {2z : 2zP* x} are T-open).

Proposition 5 Let R be an interval order on (X, 7). Then T is a natural topology with respect to R iff
the topology 7g is a natural topology on the graph G with respect to R(G).

With respect to representability, the following result 1s in order now:

Proposition 6 Let 'R be an interval order on X. Then R is representable through a pair of functions
u,v - X — R iff R(G) is representable through a pair of functions U,V . Gr — R such that

(21, 22)R(G) (1, y2) <= Ulz1,22) < V(y1,p2) (z1,22), (Y1,%2) € GR).

Suppose in addition that R on X is representable through a pair (u, v) such that u represents R** and
v represents R*. By Proposition 1(vi) we may observe that that given x = (1, x9), ¥y = (y1,¥2) € GR,
it follows that zR**(G)y <= 1Ry, <= u(xr)) < u(y;)) <= u(pi(x)) < u(pi(y)). Thus
u o p; represents R**(G). Similarly we may prove that v o py represents R*(G). Conversely, if R(G) is
representable through (U, V'), then U o e represents R** and V' o e represents R*, where e denotes the
evaluation map. For continuous representability the situation goes as follows, as a direct consequence
of Proposition 5 and the continuity of the projections and the evaluation map:

Corollary 7 Let R be an interval order on (X, 7). Then R is representable through a pair of con-
tinuous functions u,v : (X,7) — (R, 7,) iff R(G) is representable through a pair of continuous
functions U,V : (Gr,17g) — (R, 7).
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