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Basque Country

Euskal Herria

Flag Coat of arms

Anthem: "Eusko Abendaren Ereserkia"  (Basque)

"Anthem of the Basque Ethnicity"

(and largest city) Bilbao

Official language(s) Basque, Spanish, French

Area

 - Total 20,947 km
2
 

8,088 sq mi 

Population

 -  estimate about 3,000,000 

Basque Country (greater region)
From Wikipedia, the free encyclopedia

Not to be confused with some of its homonyms constituent parts: the

autonomous community of the Basque Country in Spain, and the Northern

Basque Country in France.

The Basque Country (Basque: Euskal Herria) is a European cultural region home to

the Basque people in the western Pyrenees that spans the border between France and

Spain on the Atlantic coast.

It comprises the Autonomous Communities of the Basque Country and Navarre in

Spain and the Northern Basque Country in France.

Even though they are not necessarily synonyms, the concept of a single culturally

Basque area spanning various regions and countries has been closely associated since

its very inception to the politics of Basque nationalism. As such, the region is

considered home to the Basque people (Basque: Euskaldunak), their language

(Basque: Euskara), culture and traditions. Nevertheless the area is neither

linguistically nor culturally homogeneous, and the very Basqueness of parts of it,

such as southern Navarre, remains a very contentious issue.
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Territorial extension

The modern claim for the extent of the Basque Country, coined in the nineteenth century, is seven traditional regions. Some Basques

refer to the seven regions collectively as "Zazpiak Bat" in their native language, the English translation of which is "The Seven Are

One".

Spanish Basque Country

Location of the Basque Country

The seven provinces of the Basque Country, as claimed by certain

Basque sectors, span France (light yellow) and Spain (rest of the

map). The enclaves of Valle de Villaverde and Treviño are pictured

in red and blue, respectively. Names on this map are in Basque.

Basque Country (greater region) - Wikipedia, the free encyclopedia http://en.wikipedia.org/wiki/Basque_Country_(greater_region)
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Republic of Latvia

Latvijas Republika

Flag Coat of arms

Anthem: "God bless Latvia"  

(Latvian: Dievs, sv!t" Latviju!)

Capital

(and largest city)

Riga

56°57!N 24°6!E

Official language(s) Latvian

Ethnic groups 59.4% Latvian

27.5% Russian

  3.6% Belarusian

  2.5% Ukrainian

  2.31% Polish

  4,69% other minority

groups
[1]

Demonym Latvian

Government Parliamentary republic

 - President Valdis Zatlers

 - Prime Minister Valdis Dombrovskis

Independence from Russia 

 - Declared
1 November 18, 1918 

 - Recognized January 26, 1921 

 - Soviet occupation August 5, 1940 

 - Nazi German

occupation

July 10, 1941 

 - Soviet occupation 1944 

 - Announced May 4, 1990 

 - Restored August 21, 1991
[2]

 

EU accession May 1, 2004

Area

 - Total 64,589 km
2
 (124th)

24,938 sq mi 

 - Water (%) 1.57% (1,014 km
2
)

Population

 - July 2010 estimate  2,217,969 
[3]

 (143rd)

 - 2000 ppl census 2,377,383 

Latvia
From Wikipedia, the free encyclopedia

Latvia (/!lætvi!/  (  listen); Latvian: Latvija), officially the Republic of Latvia

(Latvian: Latvijas Republika), is a country in the Baltic region of Northern Europe. It

is bordered to the north by Estonia (343 km), to the south by Lithuania (588 km), to

the east by the Russian Federation (276 km), and to the southeast by Belarus

(141 km).
[3]

 Across the Baltic Sea to the west lies Sweden. The territory of Latvia

covers 64,589 km
2
 (24,938 sq mi) and it has a temperate seasonal climate.

The Latvians are Baltic people culturally related to the Estonians and Lithuanians,

with the Latvian language having many similarities with Lithuanian, but not with the

Estonian language (a Finno-Ugric language). Today the Latvian and Lithuanian

languages are the only surviving members of the Baltic languages of the

Indo-European family. The modern name of Latvia is thought to originate from the

ancient Latvian name Latvji, which, like the name of Lithuania, may have originated

from the river named Latuva.
[citation needed]

 The country is also the home of a large

Russian minority of whom many are non-citizens.

Latvia is a unitary parliamentary republic and is divided into 118 municipalities (109

counties and 9 cities). The capital and largest city is Riga. With a population of 2.23

million Latvia is one of the least-populous members of the European Union, and its

population has declined 14.9% since 1991.
[6]

 Latvia has been a member of the

United Nations since September 17, 1991; of the European Union since May 1, 2004

and of the NATO since March 29, 2004.

Following a period of Soviet occupation after World War II, Latvia regained its

independence in 1991. After years of economic stagnation in the early 1990s, Latvia

posted Europe-leading GDP growth figures during the 1998–2006 period. In the

global financial crisis of 2008–2010 Latvia was the hardest hit of the European

Union member states, with a GDP decline of 26.54% in that period.
[7][8]

 Its per

capita GDP is 49% of the EU average in 2009, making it the third poorest member-

state.
[9]
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Introduction

• Pointfree (Pointless) topology, Frame (Locale) theory

• L-valued (Fuzzy) topology
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Pointfree topology
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Pointfree topology Motivation

(X ,OX ) ///o/o/o/o/o/o/o (OX ,⊆)

A ∩
⋃
i∈I

Bi =
⋃
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(A ∩ Bi)
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⋃
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(Y ,OY ) (OY ,⊆)

TOPOLOGY
Abstraction ///o/o/o/o/o/o/o/o/o/o/o

POINTFREE TOPOLOGY
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Introduction Chain-valued frames The completely distributive case

Pointfree topology the category of frames Frm

• The objects in Frm are frames, i.e.

∗ complete lattices L

in which

∗ a ∧
W

i∈I ai =
W
{a ∧ ai : i ∈ I} for all a ∈ L and {ai : i ∈ I} ⊆ L.

• Morphisms, called frame homomorphisms, are those maps
between frames that preserve arbitrary joins and finite meets.

• O : Top→ Frm is a contravariant functor with X 7−→ OX and

X f→ Y 7−→ OY f−1

−→ OX .
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Introduction Chain-valued frames The completely distributive case

Pointfree topology the dual category Loc=Frmop

• The objects in Loc are frames, from now on, also called locales.

• Morphisms, called localic maps, are of course, just frame
homomorphisms taken backwards.

• O : Top→ Loc is now a covariant functor with X 7−→ OX and

X f→ Y 7−→ OX f−1

−→ OY .

Advantage: Loc can be thought of as a natural extension of (sober)
spaces.

Disadvantage: Morphisms thought in this way may obscure the
intuition.
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Introduction Chain-valued frames The completely distributive case

Pointfree Topology, Pointless Topology,
Frame Theory, Locale Theory. . .

“Locales not only “capture” or “model” the lattice theoretical behaviour
of topological spaces, more importantly when we work in a universe
where choice principles are not allowed, it is locales, not spaces,
which provide the right context in which to do topology.”

P.T. Johnstone, The point of pointless topology, Bull. Amer. Math. Soc. 8
(1983) 41-53.
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Introduction Chain-valued frames The completely distributive case

Pointfree topology spatial frames and sober spaces

Apart from the functor O : Top→ Frm, there is a functor in the
opposite direction, the spectrum functor

Spec : Frm→ Top

An element p ∈ L \ {1} is called prime if for each α, β ∈ L with

α ∧ β ≤ p =⇒ α ≤ p or β ≤ p.

We denote by Spec L the spectrum of L, i.e. the set of all prime
elements of L.

The functor Spec assigns to each frame L its spectrum Spec L,
endowed with the hull-kernel topology whose open sets are

∆L(α) = {p ∈ Spec L : α 6≤ p} = Spec L \ ↑α for α ∈ L.
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Introduction Chain-valued frames The completely distributive case

Pointfree topology spatial frames and sober spaces

We have an adjoint situation:

Top
O // Frm

Spec
oo

Recall that a topological space X is sober if the only prime opens are
those of the form X \ {x} for some x ∈ X and a frame L is spatial if L
is generated by its prime elements, i.e. if

α =
∧
{p ∈ Spec L : α ≤ p} =

∧
(↑α ∩ Spec L) for all α ∈ L,

The categories Sob of sober topological spaces and SpatFrm of
spatial frames are dual under the restrictions of the functors O and
Spec.

Sob ∼ SpatFrm
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L-valued topology
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Introduction Chain-valued frames The completely distributive case

L-valued topology the category L-Top

With L a complete lattice and X a set, LX is the complete lattice of all
maps from X to L, called L-sets, in which

a ≤ b in LX iff a(x) ≤ b(x) for all x ∈ X .

If α ∈ L, the associated constant map is denoted α.

If f : X → Y and b ∈ LY we let f−1(b) = b ◦ f ∈ LX .

An L-valued topological space (shortly, an L-topological space) is a
pair (X , τ) consisting of a set X and a subset τ of LX (the L-valued
topology or L-topology on the set X ) closed under finite meets and
arbitrary joins.

Given two L-topological spaces (X , τ), (Y , σ) a map f : X → Y is an
L-continuous map if the correspondence f−1(b) maps σ into τ . The
resulting category will be denoted by L-Top.
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“It is a natural and interesting question whether or not it is possible to
establish a category to play the same role with respect to a given
notion of fuzzy topology as that locales play for topological spaces.”

D. Zhang, Y. Liu, L-fuzzy version of Stone’s representation theorem for
distributive lattices, Fuzzy Sets and Systems 76 (1995) 259-270.
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Chain-valued frames

• Motivation: the iota functor ιL

• Definition
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Introduction Chain-valued frames The completely distributive case

The ιL functor

The iota functor ιL was originally introduced by Lowen with L = [0,1]
and later on extended by Kubiak to an arbitrary complete lattice.

Let L be a complete lattice and X be a set. For a fixed α ∈ L \ {1} and
let a ∈ LX , we denote

[a 6≤ α] = {x ∈ X : a(x) 6≤ α}.

This defines a map ια : LX → 2X by ια(a) = [a 6≤ α].
Now, given an L-topology τ on X , we consider the topology

ιL(τ) = 〈{ια(τ) : α ∈ L}〉 = 〈{ια(a) : a ∈ τ, α ∈ L}〉.

This defines a functor ιL : L-Top→ Top by

ιL(X , τ) = (X , ιL(τ)), ιL(h) = h.
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The ιL functor chain valued frames

Let L be a complete chain. Then ια(a) = [a > α].

We can consider the system of frame homomorphisms(
ια : τ → ιL(τ) | α ∈ L \ {1}

)
.

The following are satisfied:

(F0) For each α ∈ L \ {1}, we have that

ια =
∨

β∈L\{1};α<β
ιβ

(F1) ιL(τ) = 〈
⋃
α∈L\{1} ια(τ)〉. (collectionwise extremally epimorphic)

(F2) If a 6= b in τ , then ια(a) 6= ια(b) for some α ∈ L \ {1}.
(collectionwise monomorphic)
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(collectionwise monomorphic)
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Chain valued frames

“The notion of chain-valued frame, is introduced to be an abstraction
of the distinctive properties of the system of level mappings from an
L-topology τ into ιL(τ). These conditions, when L is a complete
chain, were taken as axioms (F0), (F1) and (F2) in order to define
L-frames and the associated category L-Frm.”

A. Pultr, S.E. Rodabaugh, Lattice-valued frames, functor categories, and
classes of sober spaces, in: Topological and Algebraic Structures in
Fuzzy Sets: A Handbook of Recent Developments in the Mathematics of
Fuzzy Sets,
Kluwer Academic Publishers, 2003, pp. 153–187, (Chapter 6).

A. Pultr, S.E. Rodabaugh, Category theoretic aspects of chain-valued
frames: Part I: Categorical and presheaf theoretic foundations, Part II:
Applications to lattice-valued topology, Fuzzy Sets and Systems 159
(2008) 501–528 and 529–558.
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Chain valued frames

Let L be a complete chain. An L-frame A is a system(
ϕA
α : Au → Al | α ∈ L \ {1}

)
of frame morphisms – Au is the upper frame and Al is the lower frame
– satisfying each of these conditions:

(F0) ϕA
α =

∨
β∈L\{1};α<β ϕ

A
β for every α ∈ L \ {1}.

(F1) Al = 〈
⋃
α∈L\{1} ϕ

A
α(Au)〉. (collectionwise extremally epimorphic)

(F2) If a 6= b in Au, then ϕA
α(a) 6= ϕA

α(b) for some α ∈ L \ {1}.
(collectionwise monomorphic)

A. Pultr, S.E. Rodabaugh, Category theoretic aspects of chain-valued
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(2008) 501–528 and 529–558.
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Chain valued frames

An L-frame morphism h : A→ B is an ordered pair of frame
homomorphisms

hu : Au → Bu and hl : Al → Bl

such that the following diagram is commutative for each α ∈ L \ {1}

Au

hu

��

ϕA
α // Al

hl

��
Bu

ϕB
α // Bl

The resulting category, with composition and identities
component-wise in Frm, is denoted by L-Frm.
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Chain valued frames

In the previous definitions L is assumed to be a complete chain,
which seems to be quite a restrictive assumption.

“During the preparation of the Volume, U. Höhle communicated to the
authors of Chapter 6 that a complete chain is really only needed for
its meet-irreducibles, and that for spatial L one also has
meet-irreducibles which suffice for the constructions of Chapter 6.”

U. Höhle and S.E. Rodabaugh, Weakening the requirement that L be a
complete chain, in: Topological and Algebraic Structures in Fuzzy Sets:
A Handbook of Recent Developments in the Mathematics of Fuzzy Sets,
Kluwer Academic Publishers, 2003, pp. 189–197, (Chapter 7).
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The completely distributive case

• Completely distributive lattices

• Lattice-valued frames for CD lattices
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Completely distributive lattices
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Completely distributive lattices

Given α, β ∈ L, we say that α is way below β, in symbols α� β, if
and only if

S ⊆ L and
β ≤

∨
S

}
=⇒ there exist γ1, . . . γn ∈ S such that α ≤ ∨n

i=1γi .

Recall that L is continuous if and only if the way-below relation is
approximating, i.e., if and only if

α =
∨
{β ∈ L : β � α} for each α ∈ L.

Let α, β, γ, δ ∈ L, then:
(1) α� β implies α ≤ β.
(2) α ≤ β � γ ≤ δ implies α� δ.
(3) If L is continuous, then α� β implies α� γ � β for some γ ∈ L
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Completely distributive lattices

We shall be particularly interested in the opposite relation of the
way-below relation in the lattice Lop, denoted by <<<<.

Namely, given α, β ∈ L we have α <<<< β if

S ⊆ L and∧
S ≤ α

}
=⇒ there exist γ1, . . . γn ∈ S such that ∧n

i=1 γi ≤ β.

For each α ∈ L we write ↑↑↑↑↑α = {β ∈ L : α <<<< β}.

Then we have that Lop is alertcontinuous if and only if it satisfies

α =
∧
{β ∈ L : α <<<< β} =

∧
↑↑↑↑↑α for all α ∈ L.

The following properties of the binary relation <<<< will be needed:
(1) α <<<< β implies α ≤ β.
(2) α ≤ β <<<< γ ≤ δ implies α <<<< δ.
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Completely distributive lattices

A lattice is called completely distributive iff it is complete and for any
familiy {xj,k : j ∈ J, k ∈ K (j)} in L the identity∧

j∈J

∨
k∈K (j)

xj,k =
∨

f∈M

∧
j∈J

xj,f (j) (CD)

holds, where M is the set of choice functions defined on J with values
f (j) ∈ K (j).

We recall now the following result:

Let L be a complete lattice. Then the following are equivalent:
(1) L is completely distributive.
(2) L is a spatial frame and Lop is continuous.
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Completely distributive lattices

Let L be a complete lattice. Then the following are equivalent:

(1) L is completely distributive.

(2) L satisfies the following two properties:

(i) L is a spatial frame,

i.e.

α =
V

(↑α ∩ Spec L) for each α ∈ L,

(ii) Lop is continuous.
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Completely distributive lattices

Let L be a complete lattice. Then the following are equivalent:

(1) L is completely distributive.

(2) L satisfies the following two properties:

(i) L is a spatial frame, i.e.

α =
V

(↑α ∩ Spec L) for each α ∈ L,

(ii) p =
V`
↑↑↑↑↑p ∩ Spec L

´
for each p ∈ Spec L.
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Lattice-valued frames for CD lattices

Javier Gutiérrez García On lattice-valued frames



Introduction Chain-valued frames The completely distributive case

The ιL functor completely distributive lattices

Let L be a completely distributive lattice. The mapping ιp : τ → ιL(τ)
is a frame morphism for each p ∈ Spec L (this is not true in general if p
fails to be prime). Consider the system of frame morphisms(

ιp : τ → ιL(τ) | p ∈ Spec L
)
.
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The ιL functor completely distributive lattices

Let L be a completely distributive lattice. The mapping ιp : τ → ιL(τ)
is a frame morphism for each p ∈ Spec L (this is not true in general if p
fails to be prime). Consider the system of frame morphisms(

ιp : τ → ιL(τ) | p ∈ Spec L
)
.

(F0) Since p =
∧(
↑↑↑↑↑p ∩ Spec L

)
for each p ∈ Spec L, we have that

[f 6≤ p] =
⋃

q∈↑↑↑↑↑p∩Spec L
[f 6≤ q] for each p ∈ Spec L and f ∈ LX .

Consequently, for each p ∈ Spec L,

ιp =
∨

q∈↑↑↑↑↑p∩Spec L
ιq .
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The ιL functor completely distributive lattices

Let L be a completely distributive lattice. The mapping ιp : τ → ιL(τ)
is a frame morphism for each p ∈ Spec L (this is not true in general if p
fails to be prime). Consider the system of frame morphisms(

ιp : τ → ιL(τ) | p ∈ Spec L
)
.

(F1) Since L is a spatial frame then {ιp(f ) : f ∈ τ,p ∈ Spec L} is a
subbase of ιL(τ). Indeed, for each α ∈ L we have
α =

∧
(↑α ∩ Spec L) and so

ια(f ) = [f 6≤ α] =
⋃

p∈↑α∩Spec L
[f 6≤ p] =

⋃
p∈↑α∩Spec L

ιp(f ).

Hence,
ιL(τ) =

〈 ⋃
p∈Spec L

ιp(τ)
〉
.
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The ιL functor completely distributive lattices

Let L be a completely distributive lattice. The mapping ιp : τ → ιL(τ)
is a frame morphism for each p ∈ Spec L (this is not true in general if p
fails to be prime). Consider the system of frame morphisms(

ιp : τ → ιL(τ) | p ∈ Spec L
)
.

(F2) Since L is a spatial frame, for each distinct a,b ∈ τ there exists
x ∈ X such that a(x) 6= b(x), hence there exists p ∈ Spec L such
that either f (x) ≤ p and g(x) 6≤ p or a(x) 6≤ p and b(x) ≤ p and
so [a 6≤ p] 6= [b 6≤ p]. It follows that

if a 6= b ∈ τ then ιp(a) 6= ιp(b) for some p ∈ Spec L.
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The ιL functor completely distributive lattices

Let L be a completely distributive lattice. The mapping ιp : τ → ιL(τ)
is a frame morphism for each p ∈ Spec L (this is not true in general if p
fails to be prime). Consider the system of frame morphisms(

ιp : τ → ιL(τ) | p ∈ Spec L
)
.

(F0) ιp =
∨

q∈↑↑↑↑↑p∩Spec L ιq for each p ∈ Spec L.

(F1) ιL(τ) =
〈⋃

p∈Spec L ιp(τ)
〉

. (collectionwise extremally epimorphic)

(F2) If a 6= b in τ then ιp(a) 6= ιp(b) for some p ∈ Spec L.
(collectionwise monomorphic)
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L-valued frames

Let L be a completely distributive lattice. An L-frame A is a system(
ϕA

p : Au → Al p ∈ Spec L
)

of frame morphisms – Au is the upper frame and Al is the lower frame
– satisfying each of these conditions:

(F0) ϕA
p =

∨
q∈↑↑↑↑↑p∩Spec L ϕ

A
q for every p ∈ Spec L.

(F1) Al = 〈
⋃

p∈Spec L ϕ
A
p (Au)〉. (collectionwise extremally epimorphic)

(F2) If a 6= b in Au then ϕA
p (a) 6= ϕA

p (b) for some p ∈ Spec L.
(collectionwise monomorphic)

J.G.G., U. Höhle, M.A. de Prada Vicente, On lattice-valued frames,
Fuzzy Sets and Systems 159 (2010) 1022–1030.
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such that the following diagram is commutative for each p ∈ Spec L

Au

hu

��

ϕA
p // Al

hl

��
Bu

ϕB
p // Bl

The resulting category, with composition and identities
component-wise in Frm, is denoted by L-Frm.
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L-valued frames

• The new notion coincides with that of Pultr and Rodabaugh when
L is a complete chain.

• All the results proved by Pultr and Rodabaugh regarding the
category L-Frm for a complete chain can now be extended to this
new setting.

In particular if we denote by F0 and F1 the categories in which the
objects are frame morphisms for which only (F0) (resp. (F0) and (F1))
is (resp. are) satisfied.Then

• F0 is complete and cocomplete and each of the forgetful functors
Uu,U l : F0 → Frm preserves all limits and colimits.

• F1 is complete and cocomplete.

• L-Frm is complete and cocomplete.
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L-valued frames possible extensions

Our work was motivated by the question stated in the papers of Pultr
and Rodabaugh, when the authors suggest that relaxing the condition
of a complete chain is a significant question.

We have already specified an answer by proving that the condition of
a complete chain can be relaxed to a completely distributive lattice
and that the completeness and cocompleteness of F0, F1 and L-Frm
are still satisfied.

In this context the natural question arises whether weakening of
complete distributivity is still possible. As an answer to this question
we show that complete distributivity is necessary for the property that
for every L-topological space (X , τ) the system(

ιp : τ → ιL(τ) | p ∈ Spec L
)

of frame homomorphisms ιp satisfies (F0) and (F2).
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L-valued frames possible extensions

Let L be a frame, (X , τ) an L-topological space and(
ιp : τ → ιL(τ) | p ∈ Spec L

)
the system of frame morphisms determined by the ι-functor. Then:

• If (ιp)p∈Spec L satisfies axiom (F0) for each (X , τ), then

p =
∧(
↑↑↑↑↑p ∩ Spec L

)
for each p ∈ Spec L.

• If (ιp)p∈Spec L satisfies axiom (F2) for each (X , τ), then L is spatial.

• If (ιp)p∈Spec L is an L-frame for each (X , τ), then L is a completely
distributive lattice.
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Eskerrik asko! – ¡Muchas gracias!

Paldies!

Javier Gutiérrez García On lattice-valued frames


	Introduction
	Chain-valued frames
	The completely distributive case

