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Separating points from closed sets in Top

In Top — the category of all topological spaces — any embedding
separates points from closed sets, i.e.

f: X — Yembedding — for each closed K C X and x € X\ K

f(x) ¢ 1(K)
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Separating points from closed sets in Top

In Top — the category of all topological spaces — any embedding
separates points from closed sets, i.e.

To)
f: X — Y embedding = foreachclosed KC Xand x € X\ K

f(x) ¢ f(K)

The converse implication holds if X is a Ty-space.

Separating families of localic maps and localic embeddings



Motivation Frames and Locales Separating families of localic maps Localic embedding theorem

Separating points from closed sets in Top

In Top — the category of all topological spaces — any embedding
separates points from closed sets, i.e.

To)
f: X — Y embedding = foreachclosed KC Xand x € X\ K

f(x) ¢ f(K)
The converse implication holds if X is a Ty-space.

Fact

If X is To-space and f separates points from closed sets, then fis a
topological embedding.
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Separating points from closed sets in Top

Now let:
f:X—Yy forall feF.

Definition. The family F separates points from closed sets if for each

closed K C X and x € X'\ K, we can find an f € F with f(x) ¢ f(K).
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Separating points from closed sets in Top

Now let:
f:X—Y; forall feF.

Definition. The family F separates points from closed sets if for each
closed K C X and x € X'\ K, we can find an f € F with f(x) ¢ f(K).

The Embedding Theorem.

If X is To-space and F separates points from closed sets, then

e:x—>HY,
feF

is a topological embedding where e is determined by 7;e = f.

¥ R. Engelking, General Topology, Polish Sci. Publ., Warszawa, 1977.
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SV ETEN [ [o el I [N CRige ] W LT EEILY  from spaces to locales

Avoiding points
A family F separates points from closed sets iff

K= f'(f(K)) forallclosed K C X.
feF
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SV ETEN [ [o el I [N CRige ] W LT EEILY  from spaces to locales

Avoiding points
A family F separates points from closed sets iff

K= f'(f(K)) forallclosed K C X.
feF

Avoiding closed sets
A family F separates points from closed sets iff

U= U Y (YA(X\U)) forallopen UC X.
teF
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SV ETEN [ [o el I [N CRige ] W LT EEILY  from spaces to locales

Avoiding points
A family F separates points from closed sets iff

K= f'(f(K)) forallclosed K C X.
feF

Avoiding closed sets
A family F separates points from closed sets iff

U= U 1 (Y,\f(X\U)) forallopen UC X.
feF

But YAF(X\ U) = ULV € OY;: 1-1(V) C U} = (1), (),

*

where (=) : OX — OY;is the right adjoint of the inverse image
map f~': OY; — OX.
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SV ETEN [ [o el I [N CRige ] W LT EEILY  from spaces to locales

Reformulation
Let X, Yr,and f: X — Y; be in Top for all f € F. The following are
equivalent:

(1) (Separating points from closed sets) For each closed
K C X and x € X\ K, there exists an f € F with f(x) ¢ f(K).

(2) (Localic formulation) o
U=U ("), (U) forallopen UC X. (STep)
feF

4
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Pointfree topology the category of frames |Frm |

e The objects in Frm are frames, i.e.

x complete lattices L in which

* aNVga=V{ana:iel} foralaclLand{a:icl} CL
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Pointfree topology the category of frames [Frm|

e The objects in Frm are frames, i.e.
x complete lattices L in which
* aNVga=V{ana:iel} foralaclLand{a:icl} CL

e Morphisms, called frame homomorphisms, are those maps
between frames h that preserve

« arbitrary joins,  h(V,.,a) = Ve, h(a), h(0) =0,
« finite meets, h(ai AN a2) = h(a1) A h(a2), h(1)=1.
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e e eid  the category of frames [Frm]

e The objects in Frm are frames, i.e.
x complete lattices L in which
* aNVga=V{ana:iel} foralaclLand{a:icl} CL

e Morphisms, called frame homomorphisms, are those maps
between frames h that preserve

« arbitrary joins,  h(V,.,a) = Ve, h(a), h(0) =0,
« finite meets, h(ai AN a2) = h(a1) A h(a2), h(1)=1.
o Motivating example:
e If X is a topological space, then its topology OX is a frame.
e lff: X — YinTop,thenf~': OY — OXin Frm.
e O :Top — Frm is a contravariant functor with X — OX and

1
X—f> Y»—>(9Yf—>OX.
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Pointfree topology the dual category

e The objects in Frm are frames, from now on, also called
locales.
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Pointfree topology the dual category

e The objects in Frm are frames, from now on, also called
locales.

e Morphisms, called /ocalic maps, are of course, just frame
homomorphisms taken backwards.
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Pointfree topology the dual category

e The objects in Frm are frames, from now on, also called
locales.

e Morphisms, called /ocalic maps, are of course, just frame
homomorphisms taken backwards.

e O :Top — Frm® is a covariant functor with X — O X and
—1
xLy—ox oy
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Pointfree topology the dual category

e The objects in Frm are frames, from now on, also called
locales.

e Morphisms, called /ocalic maps, are of course, just frame
homomorphisms taken backwards.

e O :Top — Frm® is a covariant functor with X — O X and
—1
xLy—ox oy

Advantage: Frm®° can be thought of as a natural extension of (sober)
spaces.
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Pointfree topology the dual category

e The objects in Frm are frames, from now on, also called
locales.

e Morphisms, called /ocalic maps, are of course, just frame
homomorphisms taken backwards.

e O :Top — Frm® is a covariant functor with X — OX and
—1
xLy—oxoy.

Advantage: Frm®° can be thought of as a natural extension of (sober)
spaces.

Disadvantage: Morphisms thought in this way may obscure the
intuition.

Separating families of localic maps and localic embeddings



Motivation Frames and Locales Separating families of localic maps Localic embedding theorem

Pointfree topology the category of locales

Since each frame homomorphism h preserves arbitrary joins, it has a
(uniquely determined) right adjoint h, that can be used as a
representation of h running in the proper direction.

¥ J. Picado and A. Pultr, Locales treated mostly in a covariant way,
Textos de Matematica, Vol. 41, University of Coimbra, 2008.
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Pointfree topology the category of locales

Since each frame homomorphism h preserves arbitrary joins, it has a
(uniquely determined) right adjoint h, that can be used as a
representation of h running in the proper direction.

e The objects in Loc are locales.

¥ J. Picado and A. Pultr, Locales treated mostly in a covariant way,
Textos de Matematica, Vol. 41, University of Coimbra, 2008.
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Pointfree topology the category of locales

Since each frame homomorphism h preserves arbitrary joins, it has a
(uniquely determined) right adjoint h, that can be used as a
representation of h running in the proper direction.

e The objects in Loc are locales.

e Morphisms, called localic maps, are mappings between locales f
that have left adjoints f* preserving finite meets.

¥ J. Picado and A. Pultr, Locales treated mostly in a covariant way,
Textos de Matematica, Vol. 41, University of Coimbra, 2008.
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Pointfree topology the category of locales

Since each frame homomorphism h preserves arbitrary joins, it has a
(uniquely determined) right adjoint h, that can be used as a
representation of h running in the proper direction.

e The objects in Loc are locales.

e Morphisms, called localic maps, are mappings between locales f
that have left adjoints f* preserving finite meets.

¢ Motivating example: O : Top — Loc is a covariant functor with

()

X oXand X 5 y—ox " —{* oy,

¥ J. Picado and A. Pultr, Locales treated mostly in a covariant way,
Textos de Matematica, Vol. 41, University of Coimbra, 2008.
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Pointfree topology embeddings

The structure of monomorphims in Loc (or, equivalently,
epimorphisms in Frm) is by far not transparent.
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Pointfree topology embeddings

The structure of monomorphims in Loc (or, equivalently,
epimorphisms in Frm) is by far not transparent.

However, for our purposes it is enough to observe the following:

Fact

In Loc the extremal monomorphism coincide with the strong
monomorphisms, and those are precisely the one-to-one localic
maps.
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Pointfree topology embeddings

The structure of monomorphims in Loc (or, equivalently,
epimorphisms in Frm) is by far not transparent.

However, for our purposes it is enough to observe the following:

Fact

In Loc the extremal monomorphism coincide with the strong
monomorphisms, and those are precisely the one-to-one localic
maps.

Definition. A localic map f : L — M is called an embedding if it is
one-to-one, equivalently, if

a=1f"f(a) forallac L.
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Separating families of localic maps

Definition. Let f : L — L; be a localic map for each f € F. We say that

the family F is separating if o
a=\/ f*f(a) forallac L. (Stee)
feF
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Separating families of localic maps

Definition. Let f : L — L; be a localic map for each f € F. We say that

the family F is separating if o
a=\/ f*f(a) forallac L. (Stee)
feF

Note. (1) One could write < in place of =.
(2) If F € G and F is separating, then so is G.

(3) If f: L — M, then {f} is separating iff f is an embedding.
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Separating families of localic maps

Definition. Let f : L — L; be a localic map for each f € F. We say that

the family F is separating if o
a=\/ f*f(a) forallac L. (Stee)
feF

Note. (1) One could write < in place of =.
(2) If F € G and F is separating, then so is G.
(3) If f: L — M, then {f} is separating iff f is an embedding.

We are particularly interested in families of the form F C Loc(L, M)
for a fixed frame M.
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Separating families of localic maps a first example

The chain 3 = {0 < t < 1} is called the Sierpinski locale.
Asubset BC Labaseof LifL={\/C: C C B}.
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Separating families of localic maps a first example

The chain 3 = {0 < t < 1} is called the Sierpinski locale.
Asubset BC Labaseof LifL={\/C: C C B}.

For each x € L let (f,?)* : 3 — L be the unique frame homomorphism
such that (2)” (t) = x.
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Separating families of localic maps a first example

The chain 3 = {0 < t < 1} is called the Sierpinski locale.
Asubset BC Labaseof LifL={\ C:CC B}.

For each x € L let (f,?)* : 3 — L be the unique frame homomorphism
such that (2)” (t) = x.

Let B C L be a base, then for each a € L there is a subset B, C B
such that a=\/ B, and so,

V (8) £ ()>V() S(a)= \/ b=a.

beB beB,
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Separating families of localic maps a first example

The chain 3 = {0 < t < 1} is called the Sierpinski locale.
Asubset BC Labaseof LifL={\ C:CC B}.

For each x € L let (f,?)* : 3 — L be the unique frame homomorphism
such that (2)” (t) = x.

Let B C L be a base, then for each a € L there is a subset B, C B
such that a=\/ B, and so,

V (8) £ ()>V() S(a)= \/ b=a.

beB beB,

Proposition

Let L be a locale and B a base. Then the family
{f3 . b e B} C Loc(L,3) is separating. o
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Separating families of localic maps pLI{eRelln I g EIRCIF1LT

Let 4 = {0, t,—t, 1} be the four element Boolean algebra.

Givenan ae L, we denote by -a=\/{be L:anb=0}the
pseudo-complement of a.

An element a € L is complemented if aVv —a = 1. Let BL denote the
Boolean algebra of complemented elements of L
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Let 4 = {0, t,—t, 1} be the four element Boolean algebra.

Givenan ae L, we denote by -a=\/{be L:anb=0}the
pseudo-complement of a.

An element a € L is complemented if aVv —a = 1. Let BL denote the
Boolean algebra of complemented elements of L

For each x € BL let (f})" : 4 — L be the unique frame
homomorphism such that (£#)" () = x.
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STV ETE UL R ETY IR @le L1 [Tl  F-Te 3 Zero-dimensional locales

Let 4 = {0, t,—t, 1} be the four element Boolean algebra.

Givenan ae L, we denote by -a=\/{be L:anb=0}the
pseudo-complement of a.

An element a € L is complemented if aVv —a = 1. Let BL denote the
Boolean algebra of complemented elements of L

For each x € BL let (f})" : 4 — L be the unique frame
homomorphism such that (£#)" () = x.

Then Loc(L,4) = {f? : ac BL}.
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Separating families of localic maps pLI{eRelln I g EIRCIF1LT

A locale L is zero-dimensional if it has a base formed by
complemented elements.
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Separating families of localic maps pLI{eRelln I g EIRCIF1LT

A locale L is zero-dimensional if it has a base formed by
complemented elements.
Proposition

Let L be a zero-dimensional locale and B C BL a base. Then
{f} . b e B} C Loc(L,4) is separating. o
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Separating families of localic maps pLI{eRelln I g EIRCIF1LT

A locale L is zero-dimensional if it has a base formed by
complemented elements.
Proposition

Let L be a zero-dimensional locale and B C BL a base. Then
{f}: b e B} C Loc(L,4) is separating. o

Proof. Let a € L and B, C B such that a=\/ B,. Then

V ()" f5(a) = ()" a) = a.

beB

Hence {f? : b € B} C Loc(L,4) is separating. O
b
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SETETEN N R EIN TR J LT 1 [Tl ET sy completely regular locales

Being really inside. Given a, b € L, one writes

b= a

if there exists a family {¢, € L: r € Q N [0, 1]} such that

b<c <a and -¢c Ves=1ifr<s.
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SETETEN N R EIN TR J LT 1 [Tl ET sy completely regular locales

Being really inside. Given a, b € L, one writes

b= a

if there exists a family {¢, € L: r € Q N [0, 1]} such that

b<c <a and -¢c Ves=1ifr<s.

A locale L is called completely regular if

a=\/{xel:x<a} forallaelL.
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SETETEN N R EIN TR J LT 1 [Tl ET sy completely regular locales

Lemma
Let L be completely regular and B C L be a base. Then

a=\V{beB:b<a} forallac L.

Proof. For each x € L and By C B such that x = \/ By. Then

a=\V x=V V b< V b<a foralacel O

x<a Xx<KabeBy beB,b<a
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SETETEN N R EIN TR J LT 1 [Tl ET sy completely regular locales

Lemma
Let L be completely regular and B C L be a base. Then

a=\V{beB:b<a} forallac L.

Proof. For each x € L and By C B such that x = \/ By. Then

a=\ x=V V b< \V b<a foralael O

x<Ka X<<abeBy beB,b<a

Let I denote the localic unit interval.

Lemma

Let L be a locale and b <« ain L. Then there is a localic map
fp,a 1 L — I such that

(0,-) <f(=b) and (-,1)<f(a)
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SETETEN I R E I TITEER J LT T ET oS  completely regular locales

Proposition

Let L be a completely regular locale and B C L a base. Then
{fep : b,c € B,c < b} C Loc(L,1) is separating. >
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SETETEN N R EIN TR J LT 1 [Tl ET sy completely regular locales

Proposition

Let L be a completely regular locale and B C L a base. Then
{fep : b,c € B,c < b} C Loc(L,1) is separating. >

Proof. For each b, ¢ € B with ¢ < bthere is an f; , € Loc(L,I) such
that (0, —) < f; p(—c) and (—, 1) < fop(b). Hence (f.p)" (0,—) < —c
and

c<~— (fc,b)* (07 _) < (fc,b)* (_; 1) < (fc,b)* fc,b(b)~
Let a€ L and B; C B such that a=/ B;. We have that

a=V V c< V  (fp) fen0) <V (fop) fon(a)-

beB, ceEB,c«b  b,ceB,c<b b,ceB,c=<b
Hence{f.p : b,c € B,c < b} C Loc(L,I) is separating. O
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The localic embedding theorem products of locales

We denote by (7; : @), Lj — Li),_, the product of the system
{L; : i € J} in the category Loc.

Hence, for any family of localic maps f; : L — L; there is a unique
localic map f: L — P, Lj such that f; = ;f for all j € J:

LJ‘—>L/'

/
l
®j€J L]

The localic product of x copies of L is denoted L*.

A construction of ;. L; can be found in:

¥ J. Picado and A. Pultr, Locales treated mostly in a covariant way,
Textos de Matematica, Vol. 41, University of Coimbra, 2008.
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The localic embedding theorem

Localic Embedding Theorem.

Let f: L — L; be alocalic map for every f € F. If F separating, then L
embedds into [ ;. L.
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The localic embedding theorem

Localic Embedding Theorem.

Let f: L — L; be alocalic map for every f € F. If F separating, then L
embedds into [ ;. L.

Proof. Let e : L — @y L be determined by f = 7¢e for each f € F.
For any a € L we have

a=\ f'f(a)= V e*(nf)"rre(a) < e*e(a) < a.
feF feF

Hence e*e = idy, i.e. e is an embedding. O
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The localic embedding theorem

Localic Embedding Theorem.

Let f: L — L; be alocalic map for every f € F. If F separating, then L
embedds into [ ;. L.

Proof. Let e : L — @y L be determined by f = 7¢e for each f € F.
For any a € L we have

a=\ f'f(a)= V e*(nf)"rre(a) < e*e(a) < a.
feF feF

Hence e*e = idy, i.e. e is an embedding. O

Corollary

Let L and M be locales. If F C Loc(L, M) is separating, then L
embedds into MIF!,
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The localic embedding theorem a first application

Corollary J

Let L be a locale and B a base. Then L embedds into 3!8I,
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The localic embedding theorem a first application

Corollary J

Let L be a locale and B a base. Then L embedds into 3!8I,

Proof. Recall that the family {f2 : b € B} C Loc(L, 3) is separating. @

Hence there is an embedding of L into 31{%:b€8}| — 3IBI, O
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The localic embedding theorem a first application

Corollary J

Let L be a locale and B a base. Then L embedds into 3!8I,

Proof. Recall that the family {f2 : b € B} C Loc(L, 3) is separating. @

Hence there is an embedding of L into 31{%:b€8}| — 3IBI, O

Let us say that a universal locale for a class of locales is a locale in
this class in which every locale belonging to the class can be
embedded as a sublocale.
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The localic embedding theorem a first application

Corollary
Let L be a locale and B a base. Then L embedds into 3/8. J

Proof. Recall that the family {f2 : b € B} C Loc(L, 3) is separating. @

Hence there is an embedding of L into 31{%:b€8}| — 3IBI, O

Let us say that a universal locale for a class of locales is a locale in
this class in which every locale belonging to the class can be
embedded as a sublocale.

Theorem

Let k be an infinite cardinal. Then the localic product 3" is universal
for all the locales whose weight is smaller or equal than k.
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L GCR T UT=T L e [ [T DR G TN STl zero-dimensional locales

Corollary

Let L be a zero-dimensional locale and B C BL a base. Then L
embedds into 418!,
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L GCR T UT=T L e [ [T DR G TN STl zero-dimensional locales

Corollary

Let L be a zero-dimensional locale and B C BL a base. Then L
embedds into 418!,

Proof. Recall that the family {3 : b € B} C Loc(L, 4) is separating. @

Hence there is an embedding of L into 4/{:0€B}| — 41BI. O
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L GCR T UT=T L e [ [T DR G TN STl zero-dimensional locales

Corollary

Let L be a zero-dimensional locale and B C BL a base. Then L
embedds into 418!,

Proof. Recall that the family {3 : b € B} C Loc(L, 4) is separating. @

Hence there is an embedding of L into 4/{:0€B}| — 41BI. O

Corollary

Let L be a frame and S(L) the locale of congruences on L. Then S(L)
embedds into 4!-.
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L GCR{LE LRIl T LI RGN Il zero-dimensional locales

Corollary

Let L be a zero-dimensional locale and B C BL a base. Then L
embedds into 418!,

Proof. Recall that the family {3 : b € B} C Loc(L, 4) is separating. @

Hence there is an embedding of L into 4/{:0€B}| — 41BI. O

Corollary

Let L be a frame and S(L) the locale of congruences on L. Then S(L)
embedds into 4!-.

v

Theorem

Let k be an infinite cardinal. Then the localic product 4" is universal
for all the zero-dimensional locales whose weight is smaller or equal
than k.
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Corollary

Let L be a completely regular and B C L a base. Then L embedds
into T!B* 8,
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LI R oo U=l o Yo e [T e R G Tl (=10l completely regular locales

Corollary

Let L be a completely regular and B C L a base. Then L embedds
into T!B* 8,

Proof. Recall that the family {f;» : b,c € B,c < b} C Loc(L,I) is
separating.

Hence there is an embedding of L into I1{%s:b:c€B.oxb} — [IBxB| ]
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Corollary

Let L be a completely regular and B C L a base. Then L embedds
into T!B* 8,

Proof. Recall that the family {f;» : b,c € B,c < b} C Loc(L,I) is
separating.

Hence there is an embedding of L into I1{%s:b:c€B.oxb} — [IBxB| ]

Theorem

Let k be an infinite cardinal. Then the localic product 1* is universal
for all the completely regular locales whose weight is smaller or equal
than k.
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