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Entropy principle and non-local constitutive
equations in nanosystems

Vito Antonio Cimmelli

Department of Mathematics, Computer Science and Economics, University of
Basilicata, Campus Macchia Romana, Viale dell’Ateneo Lucano, 10, 85100
Potenza, Italy
vito.cimmelli@unibas.it

The present talk is faced with weakly nonlocal constitutive theories of heat
conduction, in which the gradients of the unknown thermodynamic fields
are allowed to enter the state space. Weakly nonlocal constitutive equations
are especially important in nanoscale heat transfer, where heat transport
equations may contain higher order gradients. As a simple illustration, we
mention the Guyer-Krumhansl equation

τ∂t q + q = −λ∇T + `2 (∆q + 2∇∇ · q) , (1)

where q is the heat flux, λ is the thermal conductivity, τ the relaxation
time of the heat flux and ` the mean free path of the heat carriers. The
corresponding entropy and entropy flux are

s = seq −
τ

2λT 2
q · q, (2)

J =
q

T
+

`2

λT 2
∇qT · q, (3)

with seq the local-equilibrium entropy, i.e. the entropy in the absence of
relaxation effects. The aim of this presentation is:

• to show how the entropy principle can be applied to derive enhanced
systems of transport equations describing nonlocal effects at nanoscale;

• to prove that in some physical situations nonlocal constitutive equa-
tions are necessary to explain unexpected phenomena which, at a first
sight, could appear in contradiction with second law of thermodynam-
ics.

[1] Cimmelli, V. A., Jou, D., Ruggeri, T., Ván, P., Entropy Principle and Recent
Results in Non-Equilibrium Theories, Entropy 16 (2014), 1756–1807.
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The role of collective phonons in thermal
transport

C. de Tomas∗,1, A. Cantarero2, F. X. Álvarez1

1Department of Physics, Universitat Autònoma de Barcelona, 08193 Bellaterra,
Catalonia, Spain

2Materials Science Institute, University of Valencia, P. O. Box 22085, 46071
Valencia, Spain

A Kinetic-Collective model of phonon heat transport is presented to cal-
culate the thermal conductivity of semiconductor materials at different size
scales, from bulk systems to nanosystems. This model accounts for the
role of normal (momentum-conserving) collisions in thermal transport, and
provides a more accurate prediction of the thermal conductivity ([1], [2]).
Within this model, the thermal conductivity is explained as a combination
of a kinetic and a collective phonon heat flux with significantly different
contributions. The main difference between these regimes is that, in the
kinetic one, each phonon mode has its own relaxation time, while in the col-
lective term the relaxation time is the same for all phonons. Furthermore,
phonon hydrodynamics plays an important role in the collective transport,
especially in nanowires ([3]). From the thermodynamic perspective this sug-
gests the convenience of dealing separately with these two different terms,
instead of considering them as a single quantity.

[1] De Tomas C. et al., From kinetic to collective behavior in thermal transport on
semiconductors and semiconductor nanostructures, J. Appl. Phys. 115 (2014),
164314.

[2] De Tomas C. et al., Thermal conductivity of group-IV Semiconductors from a
Kinetic-Collective Model, 2014; http://arxiv.org/abs/1402.0168.

[3] Alvarez F.X., Jou D., Memory and non-local effects on heat transport: From
diffusive to ballistic regime, Appl. Phys. Lett. 90 (2007), 083109.
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Thermal rectification based on phonon
hydrodynamics and thermomass theory

Yuan Dong

Key Laboratory for Thermal Science and Power Engineering of Ministry of
Education, Department of Engineering Mechanics, Tsinghua University, Beijing
100084, China
dony327@163.com

The thermal diode is the fundamental device for phononics. There are
various mechanisms for thermal rectification, e.g. different temperature
dependent thermal conductivity of two ends, asymmetric interfacial resis-
tance, and nonlocal behavior of phonon transport in asymmetric structures.
The phonon hydrodynamics and thermomass theory treat the heat conduc-
tion in a fluidic viewpoint. The phonon gas flowing through the media is
characterized by the balance equation of momentum, like the Navier-Stokes
equation for fluid mechanics. Generalized heat conduction law thereby con-
tains the spatial acceleration (convection) term and the viscous (Laplacian)
term. The viscous term combined with the slip boundary condition induces
rectification if the slip factor changes with the heat flux direction. The
convection term also predicts rectification because of the inertia effect, like
a gas passing through anozzle or diffuser

[1] Chang, C. W., Okawa, D., Majumdar, A., Solid-state thermal rectifier, Science
314 (2006), 1121–1124.

[2] Criado-Sancho, M., Castillo, L.F., Casas-Vázquez, J., Jou, D., Theoretical anal-
ysis of thermal rectification in a bulk Si/nanoporous Si device, Phys. Lett. A.
376 (2012), 1641–1644.

[3] Sellitto, A., Alvarez, F.X., Jou, D., Geometrical dependence of thermal con-
ductivity in elliptical and rectangular nanowires, Int. J. Heat Mass Trans. 55
(2012), 3114–3120.

[4] Dong, Y., Cao, B. Y., Guo, Z. Y., Generalized heat conduction laws based on
thermomass theory and phonon hydrodynamics, J. Appl. Phys. 110 (2011),
063504.
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Hamiltonian and nonlocal continuum mechanics

Miroslav Grmela

École Polytechnique de Montréal, C.P. 6079, succ. Centre-ville, Montréal,
Canada
miroslav.grmela@polymt.ca

Governing equations of continuum mechanics are required to be com-
patible with mechanics and thermodynamics. While there are important
variations in the existing mathematical formulations of the compatibility
with thermodynamics (called an entropy principle), the variations are sig-
nificantly smaller than in the mathematical formulation of the compatibility
with mechanics. A strong formulation of this compatibility, introduced by
Alfred Clebsch [1] and Vladimir Arnold [2], is the following: The part of the
time evolution equations that leaves the entropy unchanged is required to
be Hamiltonian. In my talk I will present three results related to the Hamil-
tonian formulation of the classical and the extended continuum mechanics.

(1) If the Hamiltonian involves weakly nonlocal (Cahn-Hilliard type)
terms then the Hamiltonian formulation implies immediately the extra
(nonlocal) terms in expressions for the mass, the momentum, the energy,
and the entropy fluxes [3].

(2) What is the closure that transforms the infinite (Hamiltonian) Grad
hierarchy into a finite hierarchy that is also Hamiltonian? A partial answer
to this question is provided. Possible appearance of dissipative terms in the
mass flux in the classical fluid mechanics emerging as a reduction of the
Grad hierarchy is discussed.

(3) I show that an investigation of the compatibility between an ex-
tended and the classical fluid mechanics leads necessarily to the appearance
of nonlocal (Cahn-Hilliard type) terms in the thermodynamic potential.

[1] Clebsch, A., Über die Integration der hydrodynamischen Gleichungen, J. Reine
Angew. Math. 56 (1859), 1–10.

[2] Arnold, V., Sur la geometrie différentielle des groupes de Lie de dimension infini
et ses applications à l’hydrodynamique des fluides parfaits, Ann. Inst. Fourier
16 (1966) 319–361.

[3] Grmela, M., Extensions of Classical Hydrodynamics, J. Stat. Phys. 132 (2008),
581–602.
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The principle of least action in heat transfer
process

Yu-Chao Hua

School of Aerospace,Tsinghua University, Mengminwei Building, Haidian
District, Beijing 100084, China
huayuchao19@163.com

The principle of least action is a universal law in nature. It claims that
the path (or distribution) actually followed by a physical system is that
for which the action is minimized. The differential equation governing the
physical phenomena can be derived via the variation of action. As for heat
transfer process, Fourier’s law of heat conduction describes the actual con-
stitutive relation between temperature distribution and heat flux in most
cases. Inspired by the principle of least action in mechanics, people have
tried to obtain the Fourier’s law by variation of a particular action. In
nonequilibrium thermodynamics, the minimum entropy production rate has
been regarded as the least action to derive the Fourier’s law with the ther-
mal conductivity proportional to squared temperature, which does not agree
with the reality. To resolve this problem, a new quantity UT/2 in the dielec-
tric material called entransy (U is internal energy and T is temperature)
was proposed. It is the simplified expression of thermomasss potential en-
ergy, which represents the ability of heat transfer during a time period.
And, Fourier’s law with constant thermal conductivity can be derived from
the principle of least entransy dissipation rate. Hence, we may take the en-
transy dissipation rate, −k (∇T )2 /2, as the action in heat transfer process
which is a measure of the irreversibility of heat transfer process not related
to heat -work conversion.

[1] Finlayson B. A. The Method of weighted Residuals and Variational Principles
with Application in Fluid Mechanics, Heat and Mass transfer, Mathematics in
Science and Engineer Series, Academic Press, New York and London, 1972.

[2] Kondepudi D., Prigogine I., From Heat Engine to Dissipative Structure, John
Wiley & Sons, 1998.

[3] Chen Q., Liang X. G., Guo Z. Y., Entransy Theory for the Optimization of
Heat Transfer - A Review and Update, Int. J. Heat Mass Trans. 63 (2013),
65–81.
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Phonon hydrodynamic description of heat
rectification in some porous silicon devices

David Jou1∗; Manuel Criado-Sancho2

1Departament de F́ısica, Universitat Autònoma de Barcelona, 08193 Bellaterra,
Catalonia, Spain
2Departamento de ciencias y técnicas f́ısicoqúımicas, Facultad de Ciencias,
UNED, Senda del Rey 40, 28040 Madrid

Heat rectification is one of the interesting features of the new developing
field of research in heat transport named phononics. In analogy with elec-
tronic diodes, phononic diodes are devices aimed to rectify heat flux, i.e. the
total thermal conductance in one direction is different from the conductance
in the opposite direction, under the same given high and low values of tem-
perature. Thermal diodes, as well as thermal transistors, have been possible
because of the increasing control of phonon transport achieved by nanotech-
nology. Usually, this topic is examined on microscopic grounds, but here we
use a mesoscopic approach based on phonon hydrodynamic expressions for
the effective thermal conductivity of porous Si. In particular, we consider
two situations: a) a device formed by a region of bulk Si and another one
of porous Si, b) a device formed by a graded porous Si, i.e. a Si device
whose porosity changes along the axis of the system. The expression for the
thermal conductivity of porous Si we use takes into account the ratio of the
phonon mean-free path to the radius of the pores. For small values of this
ratio one finds classical results, with practically no rectification, whereas
for high values of this ratio (small pores) the rectification ratio may achieve
values of 1.3 or 1.4. We study such rectification for different porosities, dif-
ferent sizes of the pores, and different porosity profiles. We also consider a
bulk/porous/bulk device but we show that, under the conditions analyzed
in the paper, it does not act as a thermal transistor.

[1] Criado-Sancho, M., Del Castillo, L. F., Casas-Vázquez, J., Jou, D., Theoretical
analysis of thermal rectification in a bulk Si/nanoporous Si device, Phys. Lett. A
376 (2012), 1641–1644.

[2] Criado-Sancho, M., J., Jou, D., Heat transport in bulk/nanoporous/bulk silicon
devices, Phys. Lett. A 377 (2013), 486–490.

[3] Criado-Sancho, M., Alvarez, F. X., Jou, D., Thermal rectification in inhomo-
geneous nanoporous Si devices, J. Appl. Phys. 114 (2013), 053512.
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Electron Transport in Silicon NanoWires

Orazio Muscato

Dipartimento di Matematica e Informatica, Universita’ degli Studi di Catania,
Viale A. Doria 6, 95125 Catania Italy
muscato@dmi.unict.it

A hydrodynamic model for silicon quantum wires is formulated by tak-
ing the moments of the multisubband Boltzmann equation, coupled to the
Schrödinger-Poisson system. Explicit closure relations for the fluxes and
production terms are obtained by means of the Maximum Entropy Prin-
ciple of Extended Thermodynamics, including scattering of electrons with
acoustic and non-polar optical phonons. By using this model, a n+ - n -
n+ silicon diode has been simulated, and thermoelectric effects have been
investigated.

[1] O. Muscato and V. Di Stefano, Hydrodynamic modeling of silicon quantum
wires, J. Comp. Electr. 11 (2012), 45–55.

[2] O. Muscato, V. Di Stefano and G. Moschetti, Thermoelectric effects in silicon
quantum wires, Commun. Appl. Ind. Math., 3(1) (2012), e-414, 18 pp.

[3] O. Muscato and V. Di Stefano, Hydrodynamic simulation of a n+ - n - n+
silicon nanowire, Contin. Mech. Thermodyn., 26, (2014), 197–205.
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Non-equilibrium temperatures in systems with
internal variables and implications on heat
equation

D. Jou1, L. Restuccia∗,2

1Universitat Autònoma de Barcelona, Grup de Fisı́ca Estadı́stica, 08193
Bellaterra, Catalonia, Spain
David.Jou@uab.cat

2University of Messina, Department of Mathematics and Computer Science,
Viale F. Stagno D’Alcontres 31, 98166 Messina, Italy
lrestuccia@unime.it

Temperature is a concept common to all thermodynamic approaches. Dif-
ferent approaches may consider temperature from different perspectives. In
equilibrium thermodynamics different definitions of equilibrium tempera-
ture lead to the same value. Out of equilibrium, equipartition is not to be
expected and then in non-equilibrium steady states, in presence of an ex-
ternal energy flux, these non-equilibrium temperatures are different from
each other. In this contribution, in the framework of extended irreversible
thermodynamics, we investigate thermometric, caloric and entropic non-
equilibrium temperatures, and the relations among them, in crystals with
defects of dislocation (described by the dislocation core tensor, introduced
as internal variable), when they are crossed by an external energy flux.
We have in mind, for instance, the walls of a fusion nuclear reactor, which
are submitted to an intense neutron flux supplied by the nuclear reaction.
Furthermore, in the linear approximation, we derive the heat equation for
these defective crystals. Also, in the same approximation we obtain the heat
equation for piezoelectric crystals with dislocations.

[1] Jou, D., Casas-Vazquez, J., Lebon, G., Extended Irreversible Thermodynamics,
Springer, Berlin, fourth ed., 2010.

[2] Jou, D., Restuccia, L., Non-equilibrium Temperatures in Systems with Internal
Variables, Proceedings of JETC 2014, Brescia, Italy (M. Pilotelli and G. P.
Beretta eds.), University of Brescia, 2014, 1–5.

[3] Restuccia, L., On a Non-conventional Thermodynamical Model of a Crystal
with Defects of Dislocations, to appear.
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Thermoelectric coupling in Thermomass theory

Patrizia Rogolino

Department of Mathematics and Computer Science, University of Messina, Italy
progolino@unime.it

In this talk it is proposed a nonlinear model for the thermoelectric cou-
pling at nanoscale, in the framework of the thermomass theory [1, 2, 3] of
heat conduction. It is shown that, as consequence of the non linearity of
the model equations, the classical Onsager relations (OR) and the second
Kelvin relation (SKR) are no longer satisfied simultaneously. The following
situations are analyzed in detail:

• the OR are valid but the SKR breaks down;

• the SKR is valid but the OR breakdown;

• both the OR and the SKR breakdown.

In all these situations, the efficiency of thermoelectric coupling is evalu-
ated. It is proved that such efficiency is strongly influenced by the nonlinear
terms entering the expression of the heat flux. In order to obtain the op-
timal value for the thermoelectric efficiency, it is applied a new procedure
based on the mathematical analysis of the local rate of entropy production
along the thermoelectric process; it is assumed that the best efficiency cor-
responds to a minimum of the rate of energy dissipated along the process.

1. Wang, M., Cao B-Y., Guo, Z-Y., General heat conduction equations based on
the thermomass theory, Frontiers in Heat and Mass Transfer 1 (2010), 013004-
1–013004-8.

2. Sellitto, A., Cimmelli, V. A., A continuum approach to thermomass theory,
J. Heat Transf. ASME 134 (2012), 112402-1–112402-8.

3. Wang, M., Yang, N., Guo, Z.-Y., Non-Fourier heat conductions in nanomate-
rials, J. Appl. Phys. 110 (2011), 064310-1–06431-7.
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Inhomogeneous vortex tangles in superfluid
helium turbulence

Lidia Saluto

DEIM, Università degli Studi di Palermo, 90128 Palermo, Italy
lidia.saluto@unipa.it

Evolution of inhomogeneous vortex tangles is relevant because it may ex-
hibit new physical effects and could clarify the role of vortices in energy
transfer.

In this lecture we present two recent contributions to the description of
inhomogeneous vortex tangles: in [1] we generalize previous models [3, 4]
in order to describe the evolution of superfluid turbulence in counterflow
situations, taking into account both nonlocal terms and inhomogeneous
contributions; in [2] we consider the role of vortex diffusion on the evolution
of the vortex length density.

In [1] we explore the general thermodynamic formalism leading to evo-
lution equations that describe thermal dissipation, vortex diffusion and a
new contribution to vortex formation. We discuss the meaning of Lagrange
multipliers, pointing out the presence of two different contributions to the
internal energy and entropy of the system. We also discuss the form of the
entropy and the entropy flux, compared with those obtained in maximum-
entropy formalism. Furthermore we propose an experiment in which the
contribution of ∇L to the heat flux could be checked and observed.

In [2] we solve the hydrodynamic equations for radial turbulent coun-
terflows in HeII between two concentric cylinders at different temperatures
and the possibility of hysteresis in the vortex line density under cyclical
variations of the heat flow (fast increase followed by a slow decrease of it)
is explored.

[1] Saluto, L., Jou., D., Mongiov̀ı, M.S., Physica A 406 (2014), 272–280.
[2] Saluto, L., Mongiov̀ı, M.S., Jou., D., Physica B 440C (2014), 99-103.
[3] Mongiov̀ı, M. S., Jou., D., Phys. Rev. B 75 (2007), 024507.
[4] Saluto, L., Mongiov̀ı, M.S., Jou., D., Z. Angew. Math. Phys., in press; http:

//dx.doi.org/10.1007/s00033-013-0372-7.
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Effective thermal conductivity in narrow channels
filled with Helium II: laminar, turbulent,
diffusive, and ballistic regimes

Michele Sciacca

SAF, Universitá di Palermo, Viale delle Scienze, Palermo, Italy
michele.sciacca@unipa.it

Heat transport in superfluid helium has several special features related to
the relative presence of phonons and rotons, the laminar or turbulent flow,
and the relation between phonon mean-free path (mfp) and the radius of
the container. This topic is of interest for the cooling of nanosystems. These
features can be summarized in:

Landau regime: When the phonon mfp is short as compared with the
radius R of the pipe, and the heat-flux value is low enough, there is viscous
laminar flow of the normal component of helium (carrying the heat flow).

Gorter-Mellinck regime: The laminar flow, corresponding to Landau
regime, breaks down for sufficiently high values of the heat flux. In this case,
quantized vortices appear and contribute to the thermal resistance,because
of the frictional force between the normal component and the quantized
vortices.

Ballistic regime: The phonon mean-free-path ` increases when tem-
perature is lowered in such a way that for sufficiently low temperatures, it
becomes comparable to (or higher than) the radius of the pipe (this happens
below some 0.7 K for R of the order of 0.5 mm, but it would occur for higher
temperature if smaller diameters are considered)In this case, the predomi-
nant collisions are not the phonon-phonon collisions, but the phonon-walls
collisions and hence the walls play a crucial role.

From a non-equilibrium thermodynamics perspective, our aim is to pro-
pose a general wide enough model able to describe the transition between
these three different regimes, which are characterized by the ratios `/d,
L−1/2/d and L−1/2` (L being the vortex length density, d the diameter of the
tube, or the distance between the plates in the rectangular channel)[1, 2].

[1] Sciacca, M., Jou, D., Effective thermal conductivity of helium II: from Landau
to Gorter-Mellink regimes, preprint; http://arxiv.org/abs/1310.3943.

[2] Sciacca, M., Sellitto A., Jou, D., Transition to ballistic regime for heat transport
in helium II, preprint; http://arxiv.org/abs/1405.3596.
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Nonlocal constitutive equations for thermoelectric
effects and its implications on thermoelectric
energy conversion

Antonio Sellitto

Department of Mathematics, Computer Science and Economics, University of
Basilicata, Campus Macchia Romana, 85100, Potenza, Italy
ant.sellitto@gmail.com

Thermoelectricity is actually viewed as a very interesting source of electric
power because of its ability to convert heat flow directly into electricity. In
particular, thermoelectric devices as energy converters are easily scalable
and do not have moving parts, or liquid fuels. These excellent features
make them applicable in almost any situation where large quantities of heat
tend to go to waste, from clothing to large industrial facilities. The advent
of nanotechnology is widening the range of applicability of thermoelectric
materials.

In the present talk, a model for coupled heat conduction by phonons
and electrons is developed in the framework of Extended Irreversible Ther-
modynamics. Particular emphasis is given to nonlocal and nonlinear effects
which may play a very important role in the conversion of heat current into
electric current through thermoelectric effects.

The consequences of the nonlocal contributions on the figure-of-merit
in nanowires are examined in two different situations regarding the relative
values of the particles’ mean-free path and the radius of nanowires. In both
cases a dependence of the figure of merit on the transversal radius of the
nanowire, as well as on some material coefficients related to the roughness
of the walls, is pointed out. It is also shown how the figure-of-merit could
be improved by controlling these coefficients.

The influence of nonlinear terms on the breakdown of the Onsager reci-
procity relation between the effective transport coefficients, depending on
the electric field and the temperature gradient, is analyzed as well. The
maximum value of the thermoelectric efficiency is derived as a function of
the figure-of-merit and of the degree of the Onsager symmetry breaking.
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Thermal performance and entropy production in
nanoscaled thermoelectric layers

Federico Vázquez* and Aldo Figueroa

Facultad de Ciencias, Universidad Autónoma del Estado de Morelos, Av.
Universidad 1001, Cuernavaca 62209, Morelos, México.
vazquez@uaem.mx

In this work we address the problem of heat and electric charge transport
in thermoelectric materials from the point of view of non-equilibrium ther-
modynamics. Due to the progress in the sub-microscaling techniques, the
width of the thermoelectric element may be reduced to become comparable
to the phonon mean free path (PMFP) in the system. At this scale, the
heat transport regime becomes of the ballistic type and a thermodynamic
description of the transition is possible if one includes memory and iner-
tial effects. Based on generalized constitutive equations describing the time
evolution of dissipative flows with thermal and electrical conductivities de-
pending on the width of the thermoelectric element, a hyperbolic equation
for temperature is obtained. This gives rise to a wave heat transport regime
in the nanometric scale of lengths. The relation between dissipation and
performance as well as the diffusive transport to wave propagation (bal-
listic) transition in the system are examined. Dissipation and performance
relationship is investigated in terms of the entropy production and the so-
called thermal figure of merit (TFM). We find that the wave-like behavior
of temperature brings out an improvement of the cooling effect. The tran-
sition between the two transport regimes (diffusive-ballistic) is featured by
a marked increasing of the TFM and the total entropy generation. An im-
provement of TFM in pulsed thermoelectricity is also found when going
from the micro to the nanoscale of lengths.

[1] Vázquez, F., del Ŕıo, J.A., Thermodynamic Characterization of the Diffusive
Transport to Wave Propagation Transition in Heat Conducting Thin Films, J.
Appl. Phys. 112 (2012), 123707.

[2] Figueroa, A., Vázquez, F., Spectral and Finite Difference Solutions of the
Hyperbolic Heat Transport Equation for Thermoelectric Thin Films, Applied
Mathematics 4 (2013), 22–27.

[3] Figueroa, A., Vázquez, F., Optimal Performance and Entropy Generation Tran-
sition from Micro to Nanoscaled Thermoelectric Layers, Int. J. Heat Mass
Trans. 71 (2014), 724–731.
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