Available online at www.sciencedirect.com
JOURNAL OF

SCIENCE@DIRECT° Economic
Theory

ELSEVIER Journal of Economic Theomut (1111) 11111 —_—
www.elsevier.com/locate/jet

The supercore for normal-form games

Elena Inarrd, M2, Concepcion Larrea, Ana |. Saracho
Universidad del Pais Vasco-Euskal Herriko Unibertsitatea, Avda L. Agirre 83, 48015 Bilbao, Spain
Received 29 October 2003

Abstract

This paper analyzes the supercore of a system derived from a normal-form game. For the case
of a finite game with pure strategies, we define a sequence of games and show that the supercore
coincides with the set of Nash equilibria of the last game in that sequence. This result is illustrated
with the characterization of the supercore for thperson prisoner’s dilemma. With regard to the
mixed extension of a normal-form game, we show that the set of Nash equilibrium profiles coincides
with the supercore for games with a finite number of Nash equilibria.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

This paper studies the relation between the supercore of games in what Gr§2htsdlg
individual contingent threat situations and the Nash equilibria (see [3]) of the corresponding
normal-form games. It is organized as follows. Section 2 contains the preliminaries. In
Section 3, starting from the definition of a system associated to a hormal-form game with
pure strategies, we present a procedure that allows the determination of the supercore for
that system. The procedure defines a sequence of games and shows that the supercore
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coincides with the set of Nash equilibria (NE) of the last game in that sequence. In addition,
we characterize the supercore for thperson prisoner’s dilemma. Lastly, Section 4 studies

the supercore of the system associated to the mixed extension of a normal-form game, and
shows conditions under which the supercore coincides with the set of NE.

2. Preliminaries

An abstract syster[6] is a pair(X, R), whereX is a set andR is an irreflexive binary
relation where for, y € X, xRymeans thak dominatesy.

For anyx € X, let D(x) denote the dominion of, i.e.,D(x) = {x’ € X : xRx'}. Given
any subsef of X, we define the following set@2(A) = (J,c4 P(x),U(A) = X — D(A),
andP(A) = U(A)—A.1 A subsolutiorof (X, R) [5]is asubseh of Xsuchthatd C 1/(A)
andA = U?%(A), whereld?(A) = UU(A)). ConditionA C U/(A), known as the internal
stability condition, implies that no pointin A is dominated by some other poixin A.
Condition A = U/2(A) contains two implications: (A < U2(A), which means that i
dominates some pointin A theny is itself dominated by some point # (Roth calls this
self-protection), and (ii}/2(A) € A, which implies thatP(A) € D(P(A)), or to quote
Roth [5, p. 44], that: “ .. every point inl{(A) — A is dominated by some other point in
the same set and the entire set, thus ‘overrules’ itself leaving only the set as ‘sound’.”
The intersection of all subsolutions @X, R) is also a subsolution which is known as the
supercore

A subsetA of X is avon Neumann and Morgenste(dN&M) stable sebf (X, R) if
A = U(A). Thus, avN&M stable set is characterized by the internal stability condition
A CU(A), and byld/(A) C A, which is known as the external stability condition. Clearly,
avN&M stable set is a subsolution that satisfigt) = 7.

A subsetA of Xis thecoreof (X, R) if A =U(X).

A finite normal form gamé“N isatriple(N, {Si};cn » {uiticy), WhereN = {1, ..., n}is
afinite set of playersy; is a finite set of strategies for playieandu; : S = x;enSi — R
is playeri’s payoff function.

Astrategy of player,s;, is abestresponsedo; ifforall s; € S;, u; (5;,5_;) >u;(si, s_i),

wheres_; = (s1,...,8i-1, Si+1,...,8,). Lets = (s1,...,s,) denote a strategy profile.
Then,s* = (s7,...,s,) is aNash equilibriumn v if s} is a best response ¢, for all
ieN.

A mixed extension of the garﬂé’ isatriple< N, {A(S)}ien, {Uiliey >, whereA(s;)
is the simplex of the mixed strategies for playeandU; : A(S) = x;enA(S;) — R
assigns tar € A(S) the expected value under of the lottery oveiSthat is induced by,
SO thatUl-(a) = Zses(njeN 0j (sj))ui(s).

A mixed strategy profile* = (g7, ..., o) is aNash equilibriunmin the mixed extension
of the gamel™ if o7 is a best response &', = (¢},....07_1,067,4....,0}) for all
ieN.

1The symbol “—" stands for the difference binary relation.
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3. The supercore for(S, >)

In order to associate an abstract sysi@mR) to the normal-form gamen, {S;};cn »
{ui};cn), first let the set of elements equal the set of strategy profies= S.
Following Greenberd?2], an individual contingent threat situation of a gani&’ is a
4-tuple (N, S, (ui)ien, (7;)ien) Where y; is the correspondence fror8 into itself
defined by:

7;(s) = {(s], s_;) for somes; € S;}.

Definition 1. The system associated to an individual contingent threat situation of a game
'V is the pair(S, >), wheres is the binary relation defined das follows:

s > s if there exists € N such that’ € y;(s) andu; (s") > u;(s).

This means that’ dominatessif s’ is derived froms via a deviation of player who is
better off undes’ than undes.

3.1. A procedure to compute the supercore(ffyr>)

In this subsection, we first give an example that illustrates the notions introduced in
the preliminaries and the procedure to compute the supercore. We then formalize such a
procedure.

Consider the following gamE})’:

b1 | by | b3 | by
a1 | 6,655]1,3| 2,2
a» | 3,414,472 1,3
a3z | 6,2 2,3|8,8]| 6,2
as | 2,3125(194|25

The set of NE of gamEé\’ is S5 = {(a1, b1)}. Let (S, >o) be the system associated to
I'Y. Note that/(S) = {(a1, b1)}. Therefore, the set of NE of ganig) is the core for the
system(S, >o) included in every subsolution. In this system there are three subsolutions:
A1 = {(a1, b1), (a2, b2), (a3, b3), (as, ba)}, A2 = {(a1, b1), (az, b2), (as, b3), (a3, bs)}
andAs = {(ax1, b1), (a2, b2)}. The first two are vN&M stable sets singg = /(A1) and
Ao = U(A2). With regard to the third one, we hall& A3) = {(a1, b1), (a2, b2), (az, b1),

(a3, b3), (a3, ba), (as, b3), (as, bs)} and U?*(A3) = {(a1,b1) (a2, b2)}. Therefore,
A3 € U(A3) and Z/lz(Ag) = As. Since A3 = A; N Ay N Ag, then Az is the
supercore.

Now, we describe the procedure to compute the supercore. Startingfren(as, b1)},
computeD(S§) = {(a1. b2), (a1, b3), (a1, ba), (az, b1), (as, b1)}. Then, replace the payoffs
to the profiles inD(Sg) by the corresponding players’ lowest payoffs in gaFr@é that is
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by (1,2), so that gamE?’ is obtained:

b1 | bo | b3 | by
ap | 6,6(1,2]1,2|1,2
a | 1,214,4|7,2| 1,3
a3z | 6,223 8,8] 6,2
ag | 1,2125(19,4| 25

The set of NE ofl"11V is 87 = {(a1, b1), (az, b2)}. Note that(az, b7) is a profile dom-
inated by (a1, b2) in the system(S, >o). The dominion ofS} is D(S7) = D(Sp) U
{(az2, b3), (a2, ba), (a3, b2), (as, b2)}. Once again, replacing the payoffs to the profiles in
D(S%) by (1,2), gamd )’ is obtained:

b1 | bo | b3 | by
ap | 6,6(1,2]1,2|1,2
ar | 1,214,412 1,2
a3 | 6,212 8,8]| 6,2
ag | 1,21 1,219,425

The set of NE profiles of gan@’ is 85 = {(a1, b1), (a2, b2)}, which coincides with the
supercore for the systeqs, >o). SinceS; = S; the procedure concludes.

Summing up, this procedure generates a sequence of g&ifie¥? , I'Y') such that the
set ?Vf NE profiles of the last game in this sequence is the supercore for the system associated
toly.

Now, we formalize this procedure. Let us consider a gdmfiewith at least one NE
strategy profile. (This is not a restriction since the supercoté of ) for a gamel™ with
no NE strategy profile is the empty 4&f. Let S* be the set of NE strategy profiles of
gameI'™™ and letv;(I'") be the lowest payoff for playdrin gameI™", that is:v; (')
= min{u;(s): s € S}. Next, we define inductively a sequence of gamﬁg);’io and a
sequence of systemss, >))7°, as follows:

(i) TY =TV and($, »0) = (S, »).
(i) Fort>1,T) = (N, {Silien - {ut}, ), With

, v;(TY) if s € D(SF_ 1) in (S, =—1)
u;(s) = -1 ot
u;”~(s) otherwise,

whereS; ; denotes the set of NE strategy profilesl"c}fl, and(S, ;) is the system
associated tanV. Formally, this procedure can be summarized as follows:

Step0: Let ') = I'N. Computes};, define(S, »o) and determineD(S3). Using the
players’ payoff functions{u}}iel\,, derive gamd“’l\' and the associated syst&§ >1).
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Step t Consider gamé“t"’. Computes;. If S = S’ ,, then the procedure concludes.
If §*, C S, define(s, >,) and computeiD(Sl*). Using the players’ payoff functions
{ f“]_ N derlve gamel“tJrl and the associated systé§h >, 1).

Given thatSis finite, there exists & € N such thatS* = S* , forallt =0, ...,k — 2,
andS; = S§¢_;.

t+1

Proposition 1. LetS; be the set of NE strategy profiles of gaﬁi\é ThensS; isthe supercore
for (S, >).

Proof. We will prove that the following two conditions hold:
(1) S; is asubsolution fotS, >). Thatis,S; C U(S;) andS; = Z/IZ(S;:);
(i) Any other subsolutiors for (S, >) containsS;.
(i) Given the way the sequence of gamE@’ Fk ) is constructed, the payoff of every
playeri in gameFk may be written as
X vi(MN) if s € D(SH)in (S, >),
uj (s) = { u; () otherwise]f (1)

Clearly, the NE strategy profiles Bﬁ(\’ in the systentsS, =) do not dominate each other
and can only be dominated by the strategy profileB(s;). Hence,S; < U(S;) and

Sy S UUS))- To show that/ (U(S)) < S, assume that there is a strategy profile
s € UU(S})) such thats ¢ Sf. Thens’ > s in (S, >¢), and from(1) it follows that

s" ¢ D(S;) in (S, >). Sinces, s” ¢ D(S)), the players’ payoffs to profilesands’ are
the same in games) andI™". Therefore, it follows that’ > s ands € DU(S})),
which contradicts € U(U(S})). Consequentlys; = UWU(S))).

(i) We argue by contradiction. Suppose there is a subsol§tion(s, >) suchthat; ¢ S.
ConsiderS; < --- € Sy and defind = min{s : S} ¢ S,t =0,...,k}. Note that
the coresS is included in any subsolution. Therefote# 0. Lets € S be such that
s ¢ S. Then, eithes € D(S) ors € P(S) in (S, >). Given thassis a Nash equilibrium
in FIN, it can only be dominated by some strategy profileDis; ;) and, by the
definition of|, we have thas is a subsolution for whicls} ; € S so thats ¢ D(S).
Hence,s € P(S). Given thatP(S) € D(P(S)), there exists’ € P(S) such that
s' > 5. Sinces” € D(S/ ) andS;" ; < S, thens’ ¢ P(S). Thus, we have reached a
contradiction. [J

The following observation is helpful to understand why we derive the iterated games
defined in the process replacing some entries by the lowest payoffs in the originaPgame.

Observation. A is the supercore afX, R) if and only if A is the supercore ¢¥, R) where
Y = X — D(CorgX, R)) in (X, R).

2We are indebted to an anonymous referee for this observation.
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Proof. First, notice that for any subsBtof Y such thatCore(X, R) C B the set/(B) is
the same in both abstract systems sifig€ore(X, R)) C D(B) in (X, R).

Now we show thas is a subsolution ofX, R) if and only if S is a subsolution ofY, R).
If S is a subsolution ofY, R) then we have that € ¢/(S) andS = U2(S) in (¥, R). Since
Core(X, R) C SandCore(X, R) C U(S) then the set& (S) andi/?(S) in (X, R) coincide
with /(S) and/2(S) in (Y, R). Hence S is a subsolution ofX, R). To show the converse
implication, notice that ifS is a subsolution ofX, R) thenS C Y. Therefore, proceeding
as above, we can conclude titats a subsolution ofY, R). Finally, as the supercore of an
abstract system is the intersection of all subsolutions, the result follolws.

Clearly, this general observation is valid in particular for the case wkéeany subset
of (finite) set of strategy profiles in a normal-form game, and the dominance reRitfon
the one of the contingent threat situation (restrictex)to

3.2. The supercore for the n-person prisoner’s dilemma

We follow Nishihara'q4] formulation of then-person prisoner’s dilemma. Ltbe the
set of players in which every player has two actioBgcooperation) and (defection).
Letabe playel’s action and let be the number of other players who select acofhe
payoff of player is given by

fitalr),a=C,D, andr =0,...,n—1,

which satisfies the following conditions: (i) For dlle N: f;(C|r) < f;(D |r) for all
r=0,...,n—=1;(i)Foralli € N: f;(C|n—1) > f;(D]0), and (iii) Functionsf; (C |r)
and f; (D |r) are increasing im.

The application of the procedure described earlier allows us to determine the supercore
for the n-person prisoner’s dilemma. As an illustration, consider the following 3-person
prisoner’s dilemma:

C D C D
C 333|151 €|1115/044
D |[511]44,0 D |[404]222
C D

The set of NE profiles i§; = {(D, D, D)}. The dominion of5§ isD(S5) = {(C, D, D),
(D, D, C), (D, C, D)}.SinceS; = SgU{(D, C,C), (C,C, D), (C,D,C)}and(C, C, C)
belongsto the dominion ¢ff, we may conclude that the supercorg®, D, D), (D, C, C),
(C,C, D), (C,D,C)}and that it is aN&M stable set.

More generally, the following result can be established:

3 See Arcd1] for the VN&M stable set of a 3-person prisoner’s dilemma.
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Proposition 2. The supercore for the-person prisoner’s dilemma is the uniqudl&M
stable set of its associated systétis formed by the unique NE strategy profile, ..., D)
and by those strategy profiles such that the number of players who choose C.is even

Proof. It is straightforward from the application of the procedure to compute the
supercore. [

4. The supercore for(A(S), >)

As the previous example shows, if we restrict attention to pure strategies then the super-
core can contain profiles that are not equilibria of the original game. However, if we move
to the mixed extension of normal-form games then, provided that the set of NE is finite, the
supercore coincides with the set of NE.

The role of the mixed extension can be illustrated using the standard 2-person prisoner’s
dilemma game. In both the pure strategy game and its mixed extension the unique NE is
(D, D). However, in the finite case this NE is not the supercore, while in the mixed ex-
tension this NE is the supercore. To see why this is the case, note that in the finite game
US*) = {(D, D), (C, C)} and thereforgC, C) € U2(S*). On the other hand, in the
mixed extension gamé&/({(D, D)}) = {(1,0,1, 0} U {(p,1— p,q,1—¢q) : 0<p < 1,
0<g < 1}, wherep and g are the probabilities of choosin@ for players 1 and 2,
respectively. The seP({(D, D)}) = {(p,1— p,q.1—¢q) : 0<p < 1,0<q < 1} and
P{(D, D)}) € D(P({(D, D)})). Thereforel/?({(D, D)}) = {(D, D)}.

We turn now to show the general result formally. To do so, we first associate an abstract
system(X, R) to the mixed extension of the garh¥& . Let the set of elements equal the set of
strategy profilesX = A(S). Anindividual contingent threat situation of the mixed extension
of gamel™ is a 4-tuple(N, A(S), (Uj)ien. (v,)ien) Wherey; is the correspondence from
A(S) into itself defined by

y;(0) = {(d;, a_;) for somes; € A(S;)}.

Definition 2. The system associated to an individual contingent threat situation of the
mixed extension of a gandé" is the pair(A(S), =), where> is the binary relation defined
on A(S) such that

¢’ > o ifthere exists € N such that’ € y;(¢) andU; (¢') > U; (o).

Let =* be the set of NE strategy profiles of the mixed extension of the dadinand let
n € £*. The dominion of; is D(n) = {0 € A(S) : 1 € y;,(0) andU;(n) > U; (o) for some
i € N}. Then, the dominion oE* will be D(Z*) = | D(n).
nex*

Proposition 3. If £* is finite thenX* is the supercore fo(A(S), >).

Proof. We first prove thak* is a subsolution fofA(S), ), that is thatz* < ¢/(X*) and
TF = UA(Z).
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Given thatz* C U(Z¥), if Z* = U(Z*) thenZ* = UZ(Z*), andXZ* is a subsolution. If
T £ U(Z*) we have to show tha?(Z*) € D(P(Z*)) which, given thal* € U/2(Z*), is
equivalent to showind@* = U?(Z*).

Leto € P(Z*). We will see thatr € D(P(Z*)). Sinces ¢ X*, thena; will not be the
best response to_; for some player. Therefore, there exists a profi#é € y; (o) such that
Ui (d)) > U (). Now, lete” = jo + (1 — A)¢’ for all Z € [0, 1). By the linearity ofU; we
haveU; (6%) > U;(0), and sincer” € y; (@), it follows thato* > o forall 1 € [0, 1). Thus,
¢* dominatesr, ands” ¢ X* given thate € P(Z").

It remains to show that* € P(Z*) for some/. Note that ify > ¢*, wherey € =¥,
theno/ = 1;. Otherwise, since’; = n; for all j # i impliesy > o, we would have that

o ¢ P(X*). Therefore, ifyt = ¢/ andy? > 672, wheren®, n? € * and 21 # /o, then
nt # n? and hence® # 52, It then follows that:

("3 ex* <[z

Given thatz* is a finite setg” e P(Z*) for at least one (in fact, for a continuum of)
Thereforeg € D(P(ZY)).

Lastly, since the supercore is the intersection of all subsolutions and any subsolution
containsX*, Proposition 3 follows. [

This result no longer holds for the mixed extension of games with infinite number of NE
profiles. The following example illustrates that non-Nash equilibrium strategy profiles may
belong to the supercore fOA(S), >):

b1 bo
al 10 |11
a | —=1,111,0

Let p be the probability that player 1 choosesand letq be the probability that player
2 choosed;. Itis easy to see th&* = {(p,1—p, 0,1 : 5<p<l), DE) = {(p,
1-p.gl-¢) :3<p<l0<g<l andP(E*)—{(p,l p.d1—¢q):0<p<3,
0<¢g<uU{(p,1-p,01: 0<p < 2} It is then straightforward to show that the
supercore fo(A(S), >) |sZ”‘U{(2 5:0,1—q) :0 < ¢g<1}U{(p,1-p,0,1): 0<p < %}.
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