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General aim.

Goal: Under assumptions of non degeneracy and spectral stability, prove
stability and examine asymptotic behavior.

Expectations: Asymptotic behavior is of slow modulation type, obeying
at first-order a Whitham system. The nature of this system is determinant.
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Outline:

1 Modulations of scalar type
Nonlocalized data: statement
Nonlocalized data: into the proof
Comments and further references

2 Modulations of system type
Some comments
A spectral lemma
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Model case: reaction-diffusion systems.

t ¡ 0 time, x P R space, upx , tq P Rd unkown.

Reaction diffusion

ut � f puq � D uxx .

D positive definite. D � Id for simplicity.

f regular.
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Periodic traveling wave.

Wave

upx , tq � ūpkpx � ctqq,

with ū of period 1.

k wavenumber,
c phase velocity,
ω � �kc time frequency.
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Wave parametrization.

Profile equation:
�kcū1 � f pūq � k2ū2

ū of period 1.

Assumption (H)

Poincaré return map is full-rank and a parametrization by shift α and
wavenumber k

ūkp � � αq, cpkq
is available.
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Non-localized perturbation.

Fix a wave with k� and c�.

Co-moving frame

pk�px � c�tq, k�tq.

Goal: allow ū � Ψ with }BxpΨ � Idq}L1pRq    1.

Initial datum

ũ0 such that there is an h0 such that

}ũ0p� � h0p�qq � ū}L1pRqXHK pRq � }Bxh0}L1pRqXHK pRq    1.
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Some insights through formal (incorrect) expectations.

Expected behavior

Slow motion along the set of periodic traveling waves,

ūk�BxΨpx ,tqpΨpx , tqq, Ψ low-frequency,

obeying averaged equations.

Expected decay

Main perturbation term,

pΨptq � Idq ū1 �LppRq t
1

2p .
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Averaged modulation equations.

Approximate modulation equation for the local wavenumber κ,

k�κt � k�pωpκq � c�κqx � k2
� pdpκqκxqx .

κ � k�Ψx .

Approximate modulation equation for the local phase Ψ,

k�Ψt � pωpk�Ψxq � c�k�Ψq � k2
� pdpk�ΨxqΨxxq.
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Averaged modulation equations: quadratic approximants.

Approximate equations for perturbations.

pW qk

k�kt � k�
�pω1� � c�qk � 1

2
ω2�k

2
�
x
� k2

�d�kxx .

Linear group velocity: ω1� � ω1pk�q. Linear group diffusion: d� � dpk�q.

pW qh

k�ht �
�pω1� � c�qk�hx � 1

2
ω2�k

2
�h

2
x

� � k2
�d�hxx .
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Some assumptions and a normalization.

(H) Parametrization by wavenumber.

(D1) Critical spectrum is reduced to t0u.

(D2) Diffusive spectral stability.

(D3) Minimal dimension of the generalized co-periodic kernel.

(N) Suitable normalization of parametrization (shift).
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Johnson-Noble-Rodrigues-Zumbrun (preprint 2011).

Theorem (Stability)

Let η ¡ 0 and K ¥ 3. Let

E0 :� }ũ0p� � h0p�qq � ūp�q}L1pRqXHK pRq � }Bxh0}L1pRqXHK pRq    1

for some h0. Then, there exists ũ with initial data ũ0 and a phase function
ψ such that, for t ¡ 0 and 2 ¤ p ¤ 8,

}ũp� � ψp�, tq, tq � ūp�q}LppRq À E0p1 � tq� 1
2
p1�1{pq

}∇x ,tψptq}LppRq À E0p1 � tq� 1
2
p1�1{pq,

and
}ũptq � ū}L8pRq, }ψptq}L8pRq À E0.
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Johnson-Noble-Rodrigues-Zumbrun (preprint 2011).

Theorem (Asymptotic behavior)

Moreover, let k and h satisfy pW qk and pW qh with initial data
k |t�0 � k�Bxh0, h|t�0 � h0. Then, for t ¡ 0, 2 ¤ p ¤ 8,

}ũp� � ψp�, tq, tq � ūk�p1�ψx p�,tqqp � q}LppRq À E0 lnp2 � tq p1 � tq� 3
4 ,

}k�ψxptq � kptq}LppRq À E0p1 � tq� 1
2
p1�1{pq� 1

2
�η,

}ψptq � hptq}LppRq À E0p1 � tq� 1
2
p1�1{pq�η.
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Transform.
Fourier transform:

ĝpξq :� 1

2π

»
R
e�iξxgpxqdx .

From Floquet theory: piece together modes corresponding to the same
periodic shift.

Bloch transform

ǧpξ, xq �
¸
jPZ

e i 2jπx pgpξ � 2jπq

ǧpξq of period 1 with Floquet parameter ξ P r�π, πs.

Inverse Bloch transform

gpxq �
» π
�π

e iξx ǧpξ, xq dξ .
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Bloch transform: simple observations.

Observations

If g is periodic of period 1

pg hqˇpξ, xq � gpxq ȟpξ, xq.

pBxgqˇpξ, �q � pBx � iξqǧpξ, �q.

First consequence: if g is periodic of period 1 and h is low-frequency

pg hqˇpξ, xq � gpxqphpξq.
Provides two-scale analysis. Slow modulation equations from averaging.
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Bloch symbol.

If L is a differential operator with 1-periodic coefficients then so are

pLξgqpxq � e�iξx Lpe iξ�gp�qqpxq, ξ P r�π, πs,

and

pLgqpxq �
» π
�π

e iξx pLξǧpξ, �qqpxq dξ .

Here we use it with

Lg � k�gxx � k�1
� df pūqg � c�gx .

Spectral splitting:

σpLq �
¤

ξPr�π,πs

σper pLξq.

Union of discrete spectra.
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Spectral stability assumptions.

(D1) σpLq � tλ | Reλ   0u Y t0u.

(D2) For some θ ¡ 0, any ξ P r�π, πs,

σper pLξq � tλ | Reλ ¤ �θ|ξ|2u.

(D3) λ � 0 is a simple eigenvalue of L0.
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Structure of the proof.

1 Separation of the critical mode: introduction of the phase.

2 Nonlinear iteration for stability’s proof.

3 Refined separation.

4 Estimate of the remainder.

5 Comparison with pW q.
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Spectral preparation.

Operator:
Lg � k�gxx � k�1

� df pūqg � c�gx .

Semi-group: Sptq � etL.

Critical eigen elements of Lξ

For ξ sufficiently small, λpξq; φpξq, φ̃pξq dual right-left.

Normalizations: φp0q � ū1;

xφ̃p0q, φpξqyL2pr0,1sq � 1.
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Separation: semi-group level.

Expand
φpξq � ū1 �Opξq.

Then introduce

pspptqgqpxq �
» π
�π

e iξx αpξq eλpξqt xφ̃pξq, ǧpξqyL2pr0,1sqdξ

with α a high-Floquet cut-off, and split

pSptqgqpxq � ū1pxq pspptqgqpxq � pS̃ptqgqpxq.
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Some of the estimates.
For all t ¡ 0, 2 ¤ p ¤ 8,

0 ¤ n ¤ K � 1

���BlxBmt spptqBnxg���
LppRq

À min

#
p1 � tq� 1

2
p1�1{pq� l�m

2 }g}L1pRq,

p1 � tq� 1
2
p1{2�1{pq� l�m

2 }g}L2pRq;
(1)

and for some θ1 ¡ 0

0 ¤ l � 2m, n ¤ K � 1

���BlxBmt S̃ptqBnxg���
LppRq

À min

#
p1 � tq� 1

2
p1�1{pq� l�m

2
� 1

2 }g}L1pRqXH l�2m�1pRq,

e�θ
1t}Bnxg}H l�2m�1pRq � p1 � tq� 1

2
p1{2�1{pq� l�m

2
� 1

2 }g}L2pRq.

(2)
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Some of the estimates: nonlocalized data.

For all t ¡ 0, 2 ¤ p ¤ 8,

l �m ¥ 1 or (l � m � 0 and p � 8)

}BlxBmt spptqph0ū
1q}LppRq À p1 � tq� 1

2
p1�1{pq� 1

2
� l�m

2 }Bxh0}L1pRq; (3)

0 ¤ l � 2m ¤ K � 1

}BlxBmt S̃ptqph0ū
1q}LppRq À p1 � tq� 1

2
p1�1{pq� l�m

2 }Bxh0}L1pRqXH l�2m�1pRq.

(4)
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Bloch transform: estimates.

Parseval’s identity

}g}L2pRq �
?

2π}ǧ}L2pr�π,πs,L2pr0,1sq.

Haussdorf-Young’s inequalities

}g}LppRq ¤ }ǧ}Lp1 pr�π,πs,Lppr0,1sqq, 2 ¤ p ¤ 8.
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Some of the estimates: one proof.

Bxpspptqpū1h0qqpxq

�
» π
�π

e iξx�λpξqt iξαpξq xφ̃pξqū1, ȟ0pξqyL2pr0,1sqdξ

�
¸
jPZ

» π
�π

e iξx�λpξqt αpξq ξ

ξ � 2πj
pū1φ̃pξqq̂ �j zBxh0pξ � 2jπqdξ,

with ppgjqjPZ denotes Fourier’s series of g .

}Bxpspptqpū1h0qq}LppRq

À p1 � tq� 1
2
p1�1{pq}Bxh0}L1pRq supξ }φ̃pξqū1}L2pr0,1sq.
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Some of the estimates: another one.

S̃ptqph0ū
1qpxq

�
¸
jPZ

» π
�π

e iξx
1 � αpξq
ipξ � 2πjq pe

tLξpū1e2iπj �qqpxq zBxh0pξ � 2jπqdξ

�
¸
jPZ

» π
�π

e iξxαpξq pe
tLξ Π̃pξqpū1e2ijπ�qqpxq

ipξ � 2πjq
zBxh0pξ � 2jπqdξ

�
¸
jPZ

» π
�π

e iξx�λpξqtαpξqφpξ, xq � φp0, xq
ipξ � 2πjq pφ̃pξqū1q̂ �j zBxh0pξ � 2jπqdξ

with Π̃pξq projector on non critical modes. p1 � αpξqq À |ξ|, Π̃p0qpū1q � 0,

|Π̃pξq � Π̃p0q|H1pr0,1sqÑH1pr0,1sq À |ξ|, }φpξq � φp0q}H1pr0,1sq À |ξ|.
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Some of the estimates: another one.

|p1 � αpξqqetLξ |H1pr0,1sqÑH1pr0,1sq À e�θ
1t ,

|etLξ Π̃pξq|H1pr0,1sqÑH1pr0,1sq À e�θ
1t .

}ū1e2iπj �}H1pr0,1sq À p1 � jq}ū1}H1pr0,1sq.

}ξ ÞÑ
¸
j

|zBxh0pξ � 2jπq|}Lp1 pr�π,πsq À }Bxh0}H1pRq.
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Recall.

For all t ¡ 0, 2 ¤ p ¤ 8,

l �m ¥ 1 or (l � m � 0 and p � 8)

}BlxBmt spptqph0ū
1q}LppRq À p1 � tq� 1

2
p1�1{pq� 1

2
� l�m

2 }Bxh0}L1pRq;

0 ¤ l � 2m ¤ K � 1

}BlxBmt S̃ptqph0ū
1q}LppRq À p1 � tq� 1

2
p1�1{pq� l�m

2 }Bxh0}L1pRqXH l�2m�1pRq.
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Introduction of the phase: wrong way.

The natural way it does not work:

vpx , tq � ũpx , tq � ūpx � ψpx , tqq.

Issue: it introduces ψ in nonlinear terms, yet ψ does not decay.
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Introduction of the phase: correct way.

New unkowns: ψ and

vpx , tq � ũpx � ψpx , tq, tq � ūpxq.

Implicit change of variables.
Valid as long as }ψ}L8pRq is bounded and }ψx}L8pRq is small.
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New equation.

k�p1 � ψxqvt � k�p�c� � ψtqpū � vqx

� k2
�

�
1

1�ψx
pū � vqx

	
x
� p1 � ψxqf pū � vq.

Quasilinear.

Linear contribution of ψ: not in form for separation.
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A priori energy estimate.

Provided

sup
r0,ts

p}v}2
HK pRq � }ψt}2

HK pRq � }ψx}2
HK�1pRqq    1

for some θ2 ¡ 0

}vptq}2
HK pRq ¤ C e�θ

2t}vp0q}2
HK pRq

�C
» t

0
e�θ

2pt�sq
�
}vpsq}2

L2pRq � }pψt , ψxqpsq}2
HK pRq

	
ds.
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Separation: equation.

Equation

k�pBt � Lq pvptq � ū1ψptqq � k�N ptq.
with k�N � Q�Rx � pk�Bt � k2

�B2
xqS � T , where

Q � f pv � ūq � f pūq � df pūqv ,

R � �k�vψt � k2
�vψxx � k2

� pūx � vxq ψ2
x

1�ψx
,

S :� vψx ,

T :� �pf pv � ūq � f pūqqψx .

Integral form

vptq � ū1ψptq � Sptq pvp0q � ū1h0q �
» t

0
Spt � sqN psqds
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Separation: nonlinear level.

Integral equations

ψptq � spptqpvp0q � ū1h0q �
³t

0 s
ppt � sqN psqds

� χptq
�
spptqpvp0q � ū1h0q � h0 �

³t
0 s

ppt � sqN psqds
�

vptq � S̃ptqpvp0q � ū1h0q �
³t

0 S̃pt � sqN psqds

� χptqū1
�
spptqpvp0q � ū1h0q � h0 �

³t
0 s

ppt � sqN psqds
�

with χ a large-time cut-off.
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Stability.

Close nonlinear iteration scheme with

sup
0¤s¤t

p1 � sq1{4}pv , ψt , ψxqpsq}HK pRq.

Improve bounds.
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Structure of the proof.

1 Separation of the critical mode: introduction of the phase.

2 Nonlinear iteration for stability’s proof.

3 Refined separation.

4 Estimate of the remainder.

5 Comparison with pW q.
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Refined spectral preparation.

Key relation

Bξφp0q � ik�Bk ū.

Thanks to L0Bξφp0q � L0pik�Bk ūq and

Assumption (N): normalization of shift

xφ̃p0q, Bk ūyL2pr0,1sq � 0.
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Refined linear separation.

Expand
φpξq � ū1 � k�Bk ū piξq �Opξ2q

and split

Sptq � pū1 � k�Bk ū Bxq spptq � R̃ptq.
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Remainder.

zptq � vptq � k�Bk ū ψxptq.

Equation for remainder

zptq � R̃ptqpvp0q � ū1h0q �
» t

0
R̃pt � sqN psqds

� χptq pū1 � k�Bk ū Bxq

�
�
spptqpvp0q � ū1h0q � h0 �

» t

0
sppt � sqN psqds

�
.
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Comparison with pW q: linear estimates.

Linear group velocity (in moving frame): a� � ω1� � c�.
Let σptq be the solution operator of

ut � a�ux � k�d�uxx .

For all t ¡ 0, 2 ¤ p ¤ 8,

f periodic of period 1, l P N

}Blxspptqph0f q � xφ̃p0q, f y σptqpBlxh0q}LppRq

À p1 � tq� 1
2
p1�1{pqt�

l
2 }Bxh0}L1pRqXL2pRq.
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Comparison with pW q: linear group velocity.

For all t ¡ 0, 2 ¤ p ¤ 8,

}pBt � a�Bxqpspptqgq}LppRq À min

#
p1 � tq� 1

2
p1�1{pq�1}g}L1pRq,

p1 � tq� 1
2
p1{2�1{pq�1}g}L2pRq;

and

}pBt � a�Bxqpspptqph0ū
1qq}LppRq À p1 � tq� 1

2
p1�1{pq� 1

2 }Bxh0}L1pRq.
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Comparison with pW q: quadratic terms.

}ψtptq � a�ψxptq}L2pRq À E0p1 � tq�3{4.

k�N ptq � f p k2
�ψxptq2 � rptq

where }rptq}L1pRq À E 2
0 p1 � tq�1 and

f p � 1

2
d2f pūqpBk ū, Bk ūq � k�Bk ū2 � 1

k�
df pūqBk ū � ū2 � a�Bk ū1.

xφ̃p0q, f pyL2pr0,1sq � 1

2
ω2� .
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Comparison with pW q: nonlinear level.

Continuity argument on

sup
pPr2,8s

sup
0¤s¤t

p1 � sq 1
2
p1�1{pq� 1

4
�η}k�ψxpsq � kpsq}LppRq.

Then bound ψ � h.

P. Noble & L.M. Rodrigues (Lyon 1) Stability of periodic wavetrains Bilbao 2012 43 / 69



Outline:

1 Modulations of scalar type
Nonlocalized data: statement
Nonlocalized data: into the proof
Comments and further references

2 Modulations of system type
Some comments
A spectral lemma

3 Open questions

P. Noble & L.M. Rodrigues (Lyon 1) Stability of periodic wavetrains Bilbao 2012 44 / 69



Some comments.

Not optimized: K ¥ 3 may be replaced with K ¥ 1.

Very robust. Needed (besides explicit assumptions): an a priori
estimate, resolvent estimates to generate C 0-semi-groups.

Quasilinear higher-order parabolic equations. Swift-Hohenberg.
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References.

h0 � 0

Schneider (CMP 1996)
Schneider (Tohuku Math.Pub. 1997)
Schneider (ARMA 1998)
Johnson-Zumbrun (Annales IHP 2011).

h0 non trivial

Sandstede-Scheel-Schneider-Uecker (JDE 2011)
Johnson-Noble-Rodrigues-Zumbrun (Preprint 2011).
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Weighted spaces.

Same assumptions (H), (D1)-(D3).

ρpxq � p1 � x2q1{2.

}g}Hmpm1q � }g ρm1}HmpRq.

Group velocity: a�.
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Sandstede-Scheel-Schneider-Uecker (JDE 2011).

Stability and behavior of the phase (ω2� � 0)

Let 0   η   1
2 . Let

rE0 :� }ũ0p� � h0p�qq � ūp�q}H2p2q � }Bxh0}H2p2q    1

for some h0. Then, there exists ũ with initial data ũ0 such that

}ũp�, tq � ūp� � ψpp� � a�t, tqq}L8pRq À rE0t
�1{2�b

where

ψppx , tq � k�d�

�1
2ω

2
�

ln

�
1 � z errf

�
x?
k�d�t




with z � expp³RBxh0q � 1, and errfpxq � p4πq�1{2

³x
�8 e�y2{4dy .
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Spectral separation.

Same introduction of the phase. Exact projection.

Diagonalization.

Btv c � λcv c � Bxpπc r Ñ pv c , v sqqsq

Btv s � Λsv s � Πsr Ñ pv c , v sqs

Not easily read in physical variables.
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Scaling.

pW qk

k�kt � k�
�
a�k � 1

2
ω2�k

2
�
x
� k2

�d�kxx .

In a frame moving with linear group velocity, viscous Burgers’ equation

kt �
�1

2
ω2�k

2
�
x
� k�d�kxx .

Scaling: if k is a solution, so is kL,

kLpx , tq � L kpL x , L2 tq.
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Renormalization process.

Moving with linear group velocity:

pǔc , ǔsqpξ, x , tq � e ia�ξtpv̌ c , v̌ sqpξ, x , tq.

L ¡ 1 sufficiently large, γ small.

ǔcnpξ, x , tq � ǔcpL�nξ, x , L2nt � 1q,

ǔsnpξ, x , tq � Lnp1�γq ǔspL�nξ, x , L2nt � 1q.

Sequence of systems on rL�2, 1s.

un on rL�2, 1s gives u on rL2pn�1q � 1, L2n � 1s.
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Discrete iteration.

Main part and remainder:

pǔcn , ǔsnqpξ, x , 1q � ppupn q̌ pξ, x , 1q, 0q � př cn , ř snqpξ, xq.

Close estimates on
}ř cn }XLn

, }ř sn}XLn
.

Critical terms are scaled without change, others are damped.
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Some examples.

Kuramoto-Sivashinsky Korteweg-de Vries equation.

Saint-Venant system on an inclined plane.
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Model case: conservation laws.

t ¡ 0 time, x P R space, upx , tq P Rd unknown.

Conservation laws

ut � pf puqqx � D uxx .

D positive definite. D � Id for simplicity.

f regular.
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Wave parametrization.

Profile equation:
�kcū1 � kpf pūqq1 � k2ū2

ū of period 1.

Mean M P Rd

M �
» 1

0
u.

Assumption (H1)

Poincaré return map is full-rank and a parametrization by shift α,
wavenumber k and mean M

ūk,Mp � � αq, cpk ,Mq

is available.
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Some assumptions and a normalization.

(H1) Parametrization by wavenumber and mean.

(D1) Critical spectrum is reduced to t0u.

(D2) Diffusive spectral stability.

(D3) Minimal dimension of the generalized co-periodic kernel.

(N) Suitable normalization of parametrization (shift).

(H2) Strict hyperbolicity of pW q or linear group velocities are distinct.
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Bloch symbol.

Operator
Lg � k�gxx � pdf pūqgqx � c�gx .

Bloch symbol

pLξgqpxq � e�iξx Lpe iξ�gp�qqpxq, ξ P r�π, πs.

Assumption (D3)

λ � 0 is an eigenvalue of L0 of algebraic multiplicity d � 1.
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Critical eigenspace.
Right eigenfunctions:

L0ū
1 � 0, L0BM ū � �k�ū1BMc�.

Left eigenfunctions:

g constant, Ladj0 g � 0.

Linearly decoupled case

dim ker L0 � d � 1 (no Jordan block)

Similar to scalar modulation. h0 � 0 increases decay.

Linearly coupled case

dim ker L0 � d and there is a Jordan block of height 1.

Even if h0 � 0, decay is slow.
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Stability, h0 � 0.

Uncoupled case

Johnson-Zumbrun (SIAM J. Appl. Dyn. Sys. 2011)

Coupled case

Johnson-Zumbrun (JDE 2010)
Johnson-Zumbrun-Noble (SIAM J. Math. Anal. 2011)
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Johnson-Zumbrun (JDE 2010)

Regularity of critical spectrum

Assume (H1) and (D3). Then critical eigenvalues λpξq expand about 0 as
C 1 functions of the Floquet parameter ξ.

Assume moreover (H2). Then, for ξ small non zero, there exist dual right
and left eigenfunctions wjpξ, �q and w̃jpξ, �q of Lξ associated with λjpξq, for
j � 1, � � � , d � 1, of form

wjpξ, �q �
ḑ

k�1

βj ,kpξqφkpξ, �q � ξ�1βj ,d�1pξqφd�1pξ, �q ,

w̃jpξ, �q �
ḑ

k�1

β̃j ,kpξqφ̃kpξ, �q � ξ βj ,d�1pξq φ̃d�1pξ, �q
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Johnson-Zumbrun (JDE 2010)

where

pφkpξ, �qqk�1,��� ,d�1 and pφ̃kpξ, �qqk�1,��� ,d�1 are dual bases of the
total critical eigenspace of Lξ, analytic in ξ, and such that, j � d � 1,

φ̃jp0, �q constant ej , φjp0, �q � BM ū � ej , φd�1p0, �q � ū1 ;

β̃j ,kpξq, βj ,kpξq analytic in ξ.
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Finite-dimensional reduction.

Perturbation theory: φjpξ, �q, φ̃jpξ, �q.

Matrix perturbation:

Mξ �
�
xφ̃kpξ, �q, Lξφjpξ, �qyL2pr0,1s

�
j ,k
.

Expansion
Lξ � L0 � piξqLp1q � piξq2Lp2q.
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Cancellation.

For j � d � 1

xφ̃jpξ, �q, Lξφd�1pξ, �qyL2pr0,1s � iξ xej , Lp1qū1yL2pr0,1s �Opξ2q.

Yet
ik�L0pBk ūq � ik�ū

1Bkc � Lp1qū1 � 0

thus for j � d � 1

xφ̃jpξ, �q, Lξφd�1pξ, �qyL2pr0,1s � Opξ2q.
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Scaling.

MW
ξ � piξq�1SpξqMξSpξq�1, Spξq :�

�
Id 0
0 iξ



.

Related to: phase ÝÑ wavenumber.

Eigenvalues of MW
0 are linear group velocities.

Continuity of spectrum of MW
ξ gives C 1 regularity.

Analyticity under (H2) yields the rest.
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In progress.

Verification of assumptions (either half-numerical or perturbative).

System-type modulations: stability and behavior for non localized
perturbation (h0 non trivial).

Non localized perturbation of parameters (fronts in parameters).
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Fully open.

Free surface Navier-Stokes equation down an incline plane.

Patterns genuinely multidimensional.

Dispersive nonlinear stability.
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