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ABSTRACT

Optimal management in multi-cohort Beverton-Holt model with any number of age classes is equiv-
alent to find the optimal fish lifespan by chosen fallow cycles. Optimal policy has two main dif-
ferences respect the optimal lifespan rule with perfect selectivity. First, the value of weight gain,
is valued in terms of the whole population structure. Second, the cost for waiting is the interest
rate adjusted for the raise of the pulse length. This point is specially relevant for assessing the
role of the selectivity. With imperfect selectivity, a reduction of the interest rate (i.e. in increase
of the discount factor) reduce the optimal lifespan and the optimal pulse length. We illustrate our
theoretical findings with an numerical example. Result obtained using global numerical methods

select the optimal pulse length predicted by the optimal lifespan rule.
JEL classification: O1, AMS 91B76, 92D25.
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1 Introduction

Clark et al. (1973) and Hanneson’s pioneer article (1975) show that optimal fishing mortality
that maximizes net present profits in Beverton-Holt multi-cohort models may be embody
pulse fishing. That is, the optimal solution of the management problem is a periodic cycle

of fishing followed by fallow periods for recovering the stock.

After Hannesson and Clark et al., many other papers have found, by using numerical
methods, that pulse fishing is the optimal policy in some fisheries modeled with Beverton-
Holt model (Horwood, 1987; Bjgrndal and Brasao, 2006; Bjorndal et al. 2004a, 2004b; Stage,
2006). Finally, Tahvonen (2009), analytical proved that in a 2-age structured fisheries mod-
els, optimal harvesting consists on pulse fishing under specific conditions such as nonselective

gear.

In this article we extend Tahvonen (2009) analysis to the Clark and Hanneson’s multi-
cohort Beverton-Holt model. We show that with more than two age classes, optimal manage-
ment is equivalent to find the optimal fish lifespan by chosen fallow cycles. That is, optimal
management in age structured model with nonselective gear is close related with the pioneer

Clark and Hanneson’s analysis of the optimal harvesting of a single year class fishery.

Suppose, like Haneson (1975), that one fish, with a lifespan equal to A, is “left impounded
in a bay in order to be raised to an optimal size and age at which it will be fished. No more
fish enter the ’pound’ until those now present have been fished”. Assume that it is optimal to
wait until the fish reaches its maximum age, A. This is so whenever there is perfect selectivity
gear that allow us to discriminate perfectly which fishes are harvested and which one are
not. At each period, we have A cohorts of different ages and we only fish the individuals of

the maximum age, (see Skonhorf et al., 2011).

However this reasoning is not valid when there is nonselective gear. In this case, the
size and age at which the fish should optimally be harvested cannot be ex-ante determined.
Harvesting the maximum number of fishes of age A, the optimal rule under perfect selectivity,
implies to close the fishery for A — 1 periods and as a collateral result we also harvest fishes
ofage A—1, A—2, ..... Therefore, in this context of imperfect selectivity it may be optimal

not to wait until its maximum age A is reached.

We show that under imperfect selectivity, when optimal age can not be chosen, optimal



management is equivalent to chooses the pulse length. Therefore to calculate the optimal
fish lifespan we have to compare the value of the harvesting under different pulses. This
introduces two main differences respect the optimal age rule with perfect selectivity. First,
with imperfect selectivity, the value of weight gain, is valued in terms of the whole population
structure while with perfect selectivity it is valued in terms of the population of the previous
age. Second, the cost for waiting is the interest rate adjusted for the raise of the pulse
length. This point is specially relevant for assessing the role of the selectivity. With perfect
selectivity, a reduction of the interest rate (i.e. in increase of the discount factor) yields to
a raise in the optimal live span of the resource because is more profitable to wait more for
harvesting. However, when the selectivity is imperfect, variations of the discount factor also
affect positively the cost of rotation. We prove that this second effect dominate the first one
and this implies that a reduction of the interest rate reduce the optimal lifespan and the

optimal pulse length.

We also show that there exists a relationship between non concavity of the objective
function and the non continuity of the optimal solution. In particular, by focusing on the
second order conditions, we are able to find sufficient conditions that guarantee that pulse

fishing is the optimal solution of problem.

Finally, we illustrate our theoretical findings with an numerical example. We apply our
theoretical algorithm to Northern Stock of Hake (NSH) (Merluccius merluccius) and we
compare this result with the result obtained using global numerical methods. Both select

the same optimal pulse length.

The paper is organized in the following manner. We start out by solving a very simple
2-age class model in section 2. In section 3 we extend the results to any number of age classes
to show than lifespan is endogenously determined. Section 4 shows a numerical application

of our findings to the European Northern Hake Stock. Finally we conclude.

2 The simplest fishery with two age classes

Consider the Hannesson’s 1975 fishery model with two age classes, juveniles and adults. Let
N}, and N? be the population of juveniles and adults in period ¢, respectively. Population
dynamic is very simple. Each year, ¢, an exogenous number of juvenile fishes born; without

loss of generality we consider that N! = 1. Only a part of the juveniles become adults next



Table 1: Dynamic population in a 2 ages class model

Period t-1 | Period t Period t+1
agel [ Nj;=1 | N/ =1 Nt1+1 =1
age 2 N? = e~ (P Fi_1+m) N2, = o~ (P Frtm)

period; formally
Nt2 _ e—plthl—m

where m is the natural mortality and p' is the selectivity parameter that indicates how the

fishing mortality rate F' affects to juveniles. Figure 1 illustrates the dynamic evolution of

this fishery population. Yield in value for year ¢, is given by Baranov’s equation (1918)
Y =y (F)NY,

where,
p*Fy
m + paFt

is the yield in value per unit of fish and pr® and w® are the price and weight of the a-age

Y (I}) = prow® [1— e~ Fim)]

Y

class, respectively. Therefore, the net present value of the fishery’s yield is equal to

> B [y (F) + yi (RN (Fia)]

t=0

where 0 < # < 1 is the discount factor.

First, consider as in Skonhoft et al. (2011) that there exist perfect selectivity and p!, p?
and F; can be selected by the regulator. If the value of adults, pr’w?, is greater than the
value of juveniles priw!, the optimal policy consists of letting all juveniles become adults
and catch only adults. Formally we set p?> = 1, p! =0 and F, = F,; = co. Therefore, each

year we harvest e adults, and the net present values is equal to

1
=15

stands for perfect selectivity.

2 2 _—m
pr-w-e T,

VPS

where superscript 7°



Now, consider that there is imperfect selectivity. That is p', p? are given by the fishing
technology. This means that is not technically possible to fish adults without fishing juve-
niles. Moreover, like Tahvonen (2009), assume that there exits “growth overfishing”, that is

pr! = 0. The optimal policy is the solution of the problem

max » By (F)N7 (Fia), (1)
{Ft}t:o +—0
s.t. 0 S Ft'

The first order condition of this maximization problem is given by

8%2(Ft)
OF;

ONZ, . (F1)
Mt
OF;

NP (Fior) + By (Fiy) =0, (2)

where p; > 0 is the Lagrange multiplier associated with the inequality restriction F; > 0.

As in the perfect selectivity context, we may think that an optimal solution to (1) will
consists of harvesting the maximum number of fishes of highest value. However, the imper-
fectness of the selectivity does not allow to fish continuously adults without fishing juveniles.
Nevertheless this aim can be indirectly achieved if fishing is carried out in a cyclical manner.
In this 2-ages class model, the natural periodic solution consists on one fallow cycle. First,
the fishery is lied fallow for one year -by closing the fishery- and, second, in the next year
the whole population is harvested. Formally we are describing a pulse fishing characterized
by F; = Fyi 9 = ... = 0 and F;;; = F, 3 = .... = 0o. The following proposition proves that
this periodic pulse is a solution that satisfies the first order condition (2). Superscript ©°

stands for imperfect selectivity.

Proposition 1. In a 2-ages class model, a periodic pulse with length equal to two periods
such that Fy = Fiio = ... =0 and F;;1 = Fi 3 = .... = 00, is a local optimum for problem

(1). Moreover, its net present value is equal to

B
V;){J‘Slyse = 2
1-p

priwie™™, (3)

Proof: See Appendix.



Comparing V5 and V;fiﬁse, it is clear that the net present value of the IS solution is lower
than the one from the PS solution. The intuition is straightforward, with perfect selectivity
we are able to harvest continuously adults without fishing juveniles. However with imperfect
selectivity, the impossibility of keeping the population structure of the perfect selectivity
makes necessary the closure of the fishery for one year for maximizing the next period stock.

This closure implies a lower value for the fishery.

Is the periodic fishing (the one fallow cycle) the optimal harvesting rule? Tahvonen
(2009) shows in a similar context that the maximization problem (1) also has a stationary
solution. Let Fy, be the stationary solution such that F;, = F,,; = F§, associated to p; = 0.

For this case, the optimal condition (2) can be expressed as the following Lerner rule

€ss = 6P1Fss> (4)

a _ Oyds Fes
where €2, = R

Bp! is the future marginal cost per unit of adult fish

is the fishing effort elasticity of the yield in the stationary solution and

1 _ aNgsi
~ 9F,, N2

—-p

The economic interpretation of the Lerner rule (4) is very intuitive. In the optimal stationary
solution, an increase in the mortality rate leads to an increase in the current yield per unit
of fish (left hand side, in percentage terms) that is compensated with the decrease of adult
population per unit of fish in the next period (right hand side). The net present value
associated with F, is equal to

1 2 _(plFss+m) (5)

ngs = mysse ,

2 _ .2 2 p’Fus —(p?Fss+m
where 7, = priw? JFroe [1—6 (PPt )].

Notice that the stationary solution implies a distortion of the structure population gener-
ated with perfect selectivity. As a result the value of the fishery with the statioanary solution

is lower than with perfect selectivity, VL5 < V51

However, comparing (5) and (3) it is not clear if the pulse solution is better or not than

the stationary solution, V¥ < V19

ulse- Nevertheless, it can be proved that the more imperfect

2
!Notice that m’;;};w [1 - e’(sz“*m)} e Foe <



is the selectivity technology, the lower the fishing effort applied in the stationary solution
F,, is. This means that, given the adult selectivity, if the juvenile selectivity parameter is
high enough, pulse fishing dominates the smooth stationary solution. Formally, we can find
a lower threshold for the juvenile selectivity parameter that when it is exceeded the periodic
pulse provides a higher net present value that the stationary interior solution. The following

proposition states this result.

Proposition 2. The pulse solution (stationary solution) is the optimal solution to the max-
imization problem (1) if p' is higher (lower) than p', being p' the value of the juvenile

selectivity parameter that satisfies the following equality

1 1
yle 2 o) = priw?.

1+

Proof: See Appendix.

Figure 1 shows the optimal solutions for a benchmark 2-ages fishery. For each juve-
nile selectivity parameter, p!, and stationary fishing mortality, the net present value of the
fishery,V.% . is calculated. The blue-red bell surface represents this function. The figure also

S8 7
represents the value of the fishery for the pulse solution, V17,

trough the yellow horizontal
hyperplane. Comparing the bell function with horizontal hyperplane we can see that for
values of p* < 0.26, the stationary solution dominates the pulse solution. However for values
of p! > 0.26 the hyperplane is higher than the bell function, so the pulse solution is better

than the stationary solution.

Figure 2 shows the net present value of the fishery for any combination of (F}, Fy 1)
for two values of the juvenile selectivity parameter, low p' (left plot) and high p! (right
plot). A point in the horizontal diagonal represents the value of the fishery for an stationary
path {F,s}. It is clear that the stationary solution and the pulse solution are always local
optimums. However while the stationary solution is the global maximum when p! is low,
the pulse fishing is the global maximum when p' is high. Moreover when the pulse fishing
is the global maximum, the function is not concave and the stationary solution is a saddle

path rather than a local maximum.
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Figure 1: Simulating the net present value of the fishery under the stationary and pulse
solutions. Benchmark 2-ages fishery (p?> = 1,m = 0.2, pr? = 0, and pr?w? = 1). The blue-red
shape bell represents the net present value of the fishery for each pair of juvenile selectivity
parameter and stationary fishing rate. The yellow horizontal hyperplane illustrates the value

of the fishery for the pulse solution.

2.1 The role of the discount factor

Pulse fishing literature claims that higher discounting rates (factor) decrease (increase) the
advantage of pulse fishing (Hannesson, 1975). This claim is based on the impact of the
discount factor on the pulse solution. Because the value of the fishery is the present value of
a constant yield, pr2w?e™™, by increasing the discount factor, the net present value of pulse

fishing raises.

However, by increasing the discount factor, the net present value of the stationary solution
also increases. First, it is well know that as § — 1, Fys — F.: (Da Rocha and Gutiérrez,
2011) That is, the stationary solution without discounting is equal to the F,,,,. Second, it is

easy to prove that 0F,/0f < 0. Therefore, as 3 increases, Fy, decreases and the stationary



Figure 2: Net present value of the fishery for any any combination of (F}, Fiyq) for two
values of the juvenile selectivity parameter, p': left hand side, low p!;right hand side, high
p'. Benchmark 2-ages fishery (p> = 1,m = 0.2, pr? =0, and pr’w? = 1)

yield raises. At first glance it is not clear whether or not this increase in the value of the
stationary fishery is lower than the increase on the value of the pulse fishery. Nevertheless,
the following proposition shows that if the discount factor is high enough then any increase

in it raises the advantages of the periodic solution.

Proposition 3. In a 2-ages class model, higher discounting rates (factor) decreases (in-

creases) the advantage of periodic fishing over stationary fishing whenever condition 1 <
B (14 ) holds.

Proof: See Appendix.

3 Endogenous Lifespan

In the previous section was not possible to chose the fish lifespan. In both the pulse and the
stationary solutions the fish lifespan is equal to two years. Let us extend the 2-ages model of
the previous section to a more realistic framework with n-ages, to show how the fish lifespan

is an endogenous variable.



Note, first, that if there were perfect selectivity optimal management would consist of
finding the most profitable age to catch the fishes, let them grow until this optimal age is
reached and harvesting all of them at this age. Formally, assume that we let any fish grows

until age L. Then the value of the biomass if it is harvested is prrfwfe=E=Dm It will be

L+1 L, L,—(L—1)m

worth waiting one period more without harvesting, if Sprftlwie=Ll™ > priwte

Lets define the value of weight gain for waiting from period L to period L+ 1 as AF*! =

Lo—(L=1)m

pritiyttle=tm _ prly . Then we can express the condition under which is worth

waiting one more period in term of the returns as
AEH 1

priwle—(L=1)m > B —1l=r (6)

Perfect selectivity:

where r represents the discount rate. In this perfect selectivity context, the harvesting is

carry out in a period L9 such that

LPS LPS+1
ALPS_l <r< ALPS
pTLPS_lePS_le_(LPS_Q)m — — pTLPSwLpse_(LPS_l)m :

LP% is equivalent to choose endogenously the fishes’ lifespan.

Notice that selecting

However, in a context of imperfect selectivity, harvesting fishes of age L implies that we
have to wait L — 1 periods and as a collateral result we also harvest fishes of age L — 1,
L—2 ... Therefore to calculate the optimal fish lifespan we have to compare the value of

the harvesting under different pulses.

Suppose that we harvest with a pulse of length L. This means that I}, = F,; 1 = .... =

Fi,yp 1 =0and F,, = co. So the value of the harvest is given by

L—
15 __
Vi, =

1L

1 pL Zpr“w“e_(“_l)m. (7)
a=1

It will be worth harvesting every L + 1 periods if V%, > V/5. In this imperfect selectivity

context the condition under which is worth waiting from period L to period L + 1 can be

expressed in terms of the returns as

A?—l >r ! .
sz:l pfraa,wae—(a—l)m - 1- BL

(8)

Imperfect selectivity:



Therefore, the harvesting is carry out in a period L’® such that

AL 1 1 ALSH
S LIS < LIS :
1— 5 § 1p7nawae—(a—1)m

B -

LTS—1
Za:l prawae—(a—l)m

Formally L'® can be selected as the result of

L-1

L
/8 a a_ _—(a—1)m
VLIS:mLaXI_ﬁL ;prwe( m

Comparing condition (8) with the one obtained under perfect selectivity, (6), we observe
two main differences. First, with imperfect selectivity, the value of weight gain, AM*! is
valued in terms of the whole population structure while with perfect selectivity it is valued
in terms of the population of the previous age. Second, the cost for waiting is the interest
rate adjusted for the raise of the pulse length. This point is specially relevant for assessing
the role of the selectivity. Notice that with perfect selectivity, a reduction of the interest
rate (i.e. in increase of the discount factor) yields to a raise in the optimal live span of
the resource because is more profitable to wait more for harvesting. However, when the
selectivity is imperfect, variations of the discount factor also affect positively the cost of
rotation. The following proposition shows that this second effect dominate the first one
and this implies that a raise of the discount factor reduce the the optimal lifespan and the

optimal pulse length.

Proposition 4. If the discount factor (8 increases the optimal fish lifespan and the pulse

length decreases.

Proof: See Appendix.

It is worth mentioning that harvesting under a pulse of length L is a local optimum of the
management fishery problem that maximizes the net present value of the the fishery value.

In a framework with n-ages the optimal management problem can be expressed as

max Y By (F)er (9)
{FiHZo t=0 -1
s.t. 0 S Fta

10



where

1 fora=1,

— _pa—i .
Mezte? Fimimm for q =2,....n,

QS? = QS(F’t—la Ft—27 '--F’t—(a—l)) = { (10)
is obtained by backward substitution of the population, N{ = ¢} N, t (a—1) = ¢¢, and it can
be understood as the survival function that shows the probability of a recruit born in period
t — (a — 1) to reach age a > 1 for a given fishing mortality path. The following proposition
proves that any periodic pulse of length L is a solution that satisfies the first order condition

of the maximization problem (9).

Proposition 5. In a n-ages class model, a periodic pulse with length equal to L such that

FF=F=..=F., 1=0and Fy = 00, is a local optimum for problem (9).

Proof: See Appendix.

There exist also a stationary solution, F;, = F;,; = Fj,, that satisfies the first order
condition of maximization problem (9). As in the case of 2-age model, the stationary solution

can be expressed in terms of a Lerner rule. In concrete,

S Syt (52 820n) "
6ssS = Lss n a )
a=1 Z

a=1 yss ss

where s* = y% ¢% />"_ y2 ¢% is the share of yield in value of age a in total age classes yield

— 8yss Fss
OFss yg

EE}

value and €, is the fishing effort elasticity of the yield of age a. The following

proposition characterizes an interior stationary candidate for global optimum, F,.

Proposition 6. In a n-ages class model, the stationary solution F,s satisfies the Lerner

rule (11). Moreover, Fys decreases as the selectivity parameter p* and/or the discount factor

a

B increases whenever y2.¢2,

s an increasing function. Furthermore, the net present value

associated with Fy, is equal to

IS8 E
‘/ss - yss ss?

where Y1y 5,68, = Yo, prowt el (1 — e Feom e (),

11



Proof: See Appendix.

It is well known that there exists a relationship between non concavity of the objective
function and the non continuity of the optimal solution (Scarf, 1959, Stokey, Lucas and
Prescott, 1989). This link for biomass fishery models was established by Dawid and Kopel
(1997, 1999) who show that the optimal pulse length is related with the non concavity of
the return function.?

We prove that this link exists also for age-structured fishery models. In order to find
this link, we analyze the (non-)concavity properties of the objective function of problem
(9). In particular, by focusing on the second order conditions, we are able to find sufficient
conditions that guarantee that the stationary solution is not the optimal solution of problem

(9). The following proposition summarize this result.

Proposition 7. A stationary solution is not the optimal solution of maximization problem
(9) whenever the following inequality holds

02 a a—1 ) )
: ;’2 +yl (Z B (—p’)2>] ¢, > 0. (12)

J=1

n

D

a=1

Proof: See Appendix.

Notice that 8%y, /OF2 < 0 because the yield per unit of fish is concave function. However

as [ — 1, it is more likely that inequality (12) be positive.

As in the 2-age model, we study under which conditions a raise in the discount factor
can promote pulse fishing comparing with the stationary smooth solution. In particular we
find that a sufficient condition to guarantee this result is that the stationary yield, y2,¢%,, be

an increasing function with respect to Fs. We state this result in the following proposition.

Proposition 8. In a n-ages class model, higher discounting rates (factor) decreases (in-

creases) the advantage of periodic fishing.over stationary fishing whenever y%,¢%, is an in-

crease function.

2Maroto and Moran (2008) also show that concavity plays a relevant role in the appearance of resource

extinction which can be considered a non continuous solution.

12



Proof: See Appendix.

Finally, we can conclude that in order to find the optimal fishing path with imperfect
selectivity is enough to compare the value of fishery for a reduce number of possibilities. In
particular, we should calculate the value of the fishery for the pulses V/° for L = 2,3..n
and for the stationary solution V1%, The optimal solution will be the one that yields to the

maximum value of the fishery. In the next section we show a numerical illustration.

4 A numerical illustration

In this section we apply the results obtained in above section to Northern Stock of Hake
(NSH) (Merluccius merluccius) in order to select the optimal fishing path. That is we
calculate the value of the fishery for the pulses V/¥ for L = 2,3..n and the stationary
solution V2. Moreover we compare this result with the result obtained using global numerical

methods to solve the management problem (9). We will see that we obtain similar results.

The NSH includes all fisheries in International Council for Exploitation for of the Sea
(ICES) subareas VII and VIII and also some fisheries in Subareas IV and VI. Landings
in 2008 were 47,800 tones, below the regulated TAC of 54,000 tones. Spain accounts for
the main part of the landings with 53% of the total captures. France is taking 30% of the
total, UK 7%, Denmark 3%, Ireland 3% and other countries (Norway, Belgium, Netherlands,
Germany, and Sweden) contributing small amounts (ICES 2009).

A recovery plan was developed in 2004 (EC 811/2004) for this stock. Its aim was to
achieve a spawning stock biomass (SSB) of 140,000 tones by limiting fishing mortality to 0.25
and by allowing a maximum change in harvest between consecutive years of 15%. According
to ICES, the northern hake SSB for 2009 is estimated to be above the recovery plan target.
Article 3 of the recovery plan prescribes that a management plan should be implemented
when the target is reached in two consecutive years and ICES considers that SSB has been
approximately 140,000 tones in the last two years. Such a plan is under development by the
European Commission (ICES 2010).

13



Table 2: Biological Parameters for the Northern Stock of Hake.

Age | Abundance | Mortality | Maturity | Weight | Selectivity rice
(VM)W (m) pl (W@ (p) | (pr)®
Northern Hake

1 186,213 0.20 0.00 0.06 0.00 2.34
2 152,458 0.20 0.00 0.13 0.01 2.90
3 123,457 0.20 0.00 0.22 0.10 3.39
4 100,213 0.20 0.23 0.34 0.22 3.82
5 67,409 0.20 0.60 0.66 0.20 4.51
6 35,551 0.20 0.90 0.99 0.30 5.18
7 19,674 0.20 1.00 1.44 0.40 5.76
8 10,206 0.20 1.00 1.83 0.47 6.17
9 9,1503 0.20 1.00 2.68 0.47 6.86
10 4,080 0.20 1.00 2.68 0.47 6.86
11 1,821 0.20 1.00 2.68 0.47 6.86

Source: Meeting on Northern Hake Long-Term Management Plans
(STECF/SGBRE-07-03). ) Thousand;® kg; &) euro per kg

In order to calibrate the age structured model for this fishery two data sources have
been used. First, the information regarding the biological parameters of the fishery comes
from Expert Working Group (STECF, 2008a). Most of the parameters emanate from the
summary of XSA results from the 2006 update (ICES, 2007). Second, as the Spanish fleet
accounts for most of the northern hake landings (59% of the total in 2006; ICES, 2007), we
use 2007 daily sale prices for the Spanish fleet.

Table 2 shows, for each age, the number of fishes at the initial conditions, the parameters

of the population dynamics (selection pattern, weight and maturity) and the prices.

Using this data calibration we calculate the value of the fishery, V/®, for L = 2,3, ..., 11
defined in (7) for the NHS. Table 3 shows the results obtained. We can observe that the
fishery reach the maximum value applying a pulse of 9 periods, that is the fishery is lied
fallow for eight years -by closing the fishery- and in the ninth period the whole population
is harvested.

14



Table 3: Fishery value under pulse fishing with imperfect selectivity for the Northern Stock
of Hake.

L (periods) 2 3 4 5 6 7 8 9 10 | 11
VIS (€ million) | 2.39 | 2.57 | 2.65 | 3.61 | 4.48 | 4.98 | 4.72 | 5.45 | 3.90 | 2.82

Source: Own calculations
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Figure 3: Optimal pulse fishing policy for the NSH obtained by solving (9) with global
methods using an hybrid strategy eSS-DHC

This numerical solution has been validated by obtaining the optimal harvesting policy
for this NSH stock that solves the management problem (9). Since the Beverton-Holt multi-
cohort models used to assess the stock are not globally concave, the stationary solution
described may be a local rather than a global optimum (Tavhonen, 2009). Because of this,
to find the global solution of (9), we start by transforming the original dynamic optimization
problem of infinite dimension, into a low dimension non-linear optimization problem by using

the control vector parametrization approach (Vassiliadis, 1993; Vassiliadis et al., 1994).

In order to select the proper algorithm that leads to the best results, both the robustness

(the capability of the solver to attain consistently good final solutions) as well as the efficiency

15



Table 4: Pulse fishing and stationary solution for the NHS. Using global methods with an
hybrid strategy eSS-DHC

Stationary Pulse
Yield
weight (000 t.) 53.6  567.2 (each 9 years)
value ('000 €) 299.1 3,325.1 (each 9 years)
Average price per kilo (€) 5.5802 5.8623
Profits
net present value (€ millions) 5,799.1 6,734.2

(the speed to converge to the final solution) of solvers must be evaluated. Based on previous
experience on this kind of optimal fishing policy definition, an hybrid strategy is revealed as
the most suitable to solve the transformed optimization problem for the NSH. The hybrid
methods combine global stochastic and local optimization algorithms. In this article, the
hybrid strategy considered is based on the Enhanced Scatter Search (eSS-SSm, Egea et al.,
2009) as global solver plus Dynamic Hill Climbing (DHC, Maza and Yuret, 1994) as local

algorithm.

We have use these algorithms to determine the trajectory that drives the NSH fishery
for the initial conditions to the global optimal solution. In this framework, the selected
hybrid method converges to a global optimal solution that consists on a pulse fishing every
9 years by applying a fishing rate I’ = 53 in the harvesting years and 8 consecutive fallow
years. Figure 3 shows the evolution and magnitude of cited pulses. Finally, Table ?? shows
the quantitative results associated to the stationary and the pulse solutions using the global
methods. Note that average price per kilo is higher in the pulse fishing solution than in the
stationary solution. That is due to the fact that age distribution is bias towards older ages

in the pulse solution.

We can conclude that numerical global methods support the optimal pulse selected by

comparing the valuation of the different pulses V/°.

3We have checked that increasing this value does not change the results.
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5 Conclusions

We extend Tahvonen (2009) analysis to the Hanneson’s multi-cohort Beverton-Holt model
with any number of age classes. We show that under imperfect selectivity, when optimal age
can not be chosen, optimal management is equivalent to chooses the pulse length that induce
the optimal average fish lifespan. Therefore, with imperfect selectivity, optimal lifespan is
valued in terms of the whole population structure. Moreover, with imperfect selectivity, a
reduction of the interest rate (i.e. in increase of the discount factor) yields to a reduction
in the optimal lifespan and the optimal pulse length. Finally, as in the biomass models, we

show that pulse fishing is related with the non concavity of the return function.
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6 Appendix

6.1 Proof of Proposition 1

Valuing the optimal condition (2) in ¢ and ¢+ 1 and taking into account that F; = Fi49 = ... =0
and Fyy1 = Fips = ... = 00, it is obtained, respectively
i (F) 2 2 aNt2+1(Ft)
= — lim Nf(Fi_ F)——=
Mt FroamFrsoo | OF, ¢ (Fi—1) + Byiya (Fir) OF,
F=0
= - lim Bpr2w2p2F7t+l(1 — e_pQFt“_m) (—pl) e P Fmm plBpriwle ™ > 0
Fi_1=Fi4+1—00 p2Ft+1 +m
F=0
Therefore a stationary pulse with Fy = Fiy o0 = ... = 0 and Fi11 = Fyy3 = .... = 0o satisfies the

optimal condition (2). Taking into account that in periods 0, 2,4, ... the yield is zero and in periods
1,3,5, ... the fishing mortality tends to infinity, then the net present value of yield in value for the

cycle is given by
V;Julse = Zﬂt F;t N2 Ft)
2
- Z 52t+1p7“2w2 lim &(1 — e—P2F2t+1—m)e—m1

Parp1—o00 PP Fopy1 +m

= priwie ™ (B+8°+8°+...]

1

2 2 —m /8
- 7 n
pr-w-e 1_52

6.2 Proof of Proposition 2

Let Ql be the value that satisfies the following equality

2 —p Pt _ B 2
e 2 P 2w
ySS 1 —'—Bp
First we prove that F,s decreases as the selectivity parameter p' increases. Notice that if Fj, is
an interior stationary solution then u; = 0 and the optimal condition (2) valued in Fss can be

expressed as

81/35 2 1
—= — =0
OF.. BYssp
Total differentiation of this optimal condition implies
OFss By,
T = 82 oz <O
ap y.ss /Bpl y.ss

FSS
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So if p! > Ql, then ygse_plFss(pl) < ygse_ﬂlFSS(Bl). This implies that ygse_plFss(pl) < %pﬂwz.

Therefore V(% = ﬁy?s(pl)e—plFss(pl)—m < 1_’;2])7*2(,‘)26_’” = Vp{ﬁse. |

6.3 Proof of Proposition 3

Taking partial derivative in V!5  defined in Proposition ?? we obtain

pulse
OV 1+ 3
pulse 2 2 —m
= rwe” " > 0. 13
Doing the same over V1% defined in (5)
8‘/;185 _ 1 y2 e_(plFss+m) + 1 8y38 8F85 _(plFss"l‘m) . pl 8F85 1 y2 e_(plFss+m) _
98 T 1 —B0F,, 08 98 1- %
1 2 —(p*Fsst+m) 1 0F —(p' Fss+m) [8935 1 2}
= e s 4 R e A Tl 14
Given that Fyg satisfies the Lerner rule (4), this expression can be write as
aVIS 1 2 ( L ) or ( 1p 1 92
= = ysse_ prfssm) — i P Ss+m)p Yss = 15
op (1-p)>? 0B (19)
_ 2 _(plFss+m) |: 1 _ a_F 1:|
- ysse p
(1-p* 05
[ 1\2,2
=yl e (P Futm) 1 (P)" yss

2 9242, 2
(1-5) 1 — Bl 5r

—(p' Faatm 1 1
= v v (1- ﬁ)2 + 9 9%y3, 1
L 5= ars (P)y2,
Given that y? is convex,
ovis o, [ 1 1 ]
ss —(p' Fss+m) -
< Ygs€ — + . 16
Now, let us assume that for a given 3, both solutions are equivalent, V;fuslse = V;ISS . This implies
that
B = D
Taking this into account and (13), (16) can be expressed as
ovls 9 _(pl [ 1 1 ] [ 1 1 } B
88 —(p'Fss+m) |~ i P 72, 2 —m
< Ygs€ + = + priw‘e
o =7 -7 Pl la—p? Bl1+8
2 IS
— |: 1 + i:| /8 (1 _ 52) 8V;)ulse
(1-p8)?2 pB2]1+8 1+62 0B
[1-28(1—B) (1 +8) Wyiise
B(1+p52) op
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Note that [1—28(1—8)](1+8) < 8(1+ 3?) implies 1 — 28 + 82 < 0. And this implies that
IS
condition 1 < 8 (1 + ) holds. Therefore, whenever 1 < 3 (1 + ) is satisfie n

pulse
ple W

6.4 Proof of Proposition 4

The optimal lifespan of the resource is given by an age L’® such that (8) holds. Notice that

DA 1) ] = 5 (5=5) LIS 1 p) 1
85 B 1 _BLIS - ,8 1 —,BLIS 1 _BLIS B )

which is negative for L™ > 1 and 0 < 3 < 1. This means that if 8 increases, the LS that satisfies

(8) decreases. [ |

6.5 Proof of Proposition 5
The Lagrangian associated to the maximization problem (9) is given by
o n
L=> 4 {ny(Ft)Nf + NtFt} :
t=0 a=1
The first order conditions of this maximization problem can be written as

8L 8y F — i a+j a+j
b= = Z i t—zp S Ay (R =0, ()

a=1 j=1

where we have taken into account that

5¢?+j _ { 0 for j =0,

oF, —p P4 forj=1,...,n— 1
Valuing the condition (17) for a pulse of length L, i.e. F, = Fi4q = ... = Fyip—1 = 0 and
Fiip = Fiyop = ... = 00, we obtaint
wo= - lm > i, zp S B (F et
Fiyp=Fiiap—00 ‘ t+j TV t+g
Fi=F11=...=F44 1 1=0 a=1 J=1
n—a
. Lj
= lim Zp Z 5 ]yt—i-L] (Ft+LJ)¢t+L]
Fryp=Fiiop—00 j=1
Fi=Fpi1=..=Fy 1 _1=0"
e at+Lip, .. ,
. i i i P t+Lj —p?Fyypi—m a+Lj
= lim p® pLi [pT“JFL]w‘”L] : 1—e PittLs O, 7
Fiyp=Fiyap—00 Z z::l pa+LjEH‘Lj —l—m( ) L
Fi=F1=...=Fyp_1=0" J
Therefore any pulse of length L with F; = Fy1q = .... = Fi1 1 = 0 and Fy; = oo satisfies the

optimal condition (17).
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6.6 Proof of Proposition 6

If F is an interior stationary smooth solution then p; = 0 and the optimal condition (17) valued

in Fgs can be expressed as

Z 8?455 Zp ZB] 8+]¢a+] ] (18)
=1

Notice that

n—1

S | Soar ) -

a=1
VB2l o%) +B2y§’£ ‘Z’;J T+ BTy ]+
2 (B2, 03, + BPysdag + oo + BTy o]+t

P Byl e 5211 ]+ " By, =
yss ?s [ 1ﬁn—1 +p2ﬁn—2 4o +pn—1ﬁ] +
Yot [ B T+ BT e+ T2B] +
Y203, [p' 8% + p?B) + yLd2p' B =

n a—1 o
R i
a=1 j=1

Therefore, the first order condition valued in the stationary solution, (18), can be expressed as

a—1
8yss a Z yss¢ Z Ba—jpj
j=1

Defining €2, = ggﬁs Lss a5 the fishing effort elasticity of the yield of age a in the stationary solution,

a= 1

the above expressmn can be written as

Z a a F ZZ 1 yss ss <Z 5(1 ]p]>
EgsS — )
a=1 * ” Za:l yss¢ss

where

ZZ:l ygs qbgs '

Moreover, total differentiation of (18) implies

a a
S[l ySS ¢SS

OFy 2a=1 YssPss (Z;‘;% (a—j)ﬂ"‘j‘lpj)

08 s [Geon, + e Dok DL (2t oy )|
OF, S v (521 87)

Ot |Gl + G G - M (Tomi g )|
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Since yZ, is a concave function and the survival function ¢%, is a decrease function, both expressions
are negative whenever y?.¢%, are increasing functions.
Therefore, the net present value of yield in value for F; in the imperfect selectivity n-age model

is given by
o n
Vid = Y B yhdt =
t=0 a=1
_ a, .a paFSS —p?Fss—m a—1 _paiiFss_m 2 3
— Zprwai(l—e e [1+8+8°+8°+..]

1 <& ;
o § : a tra—1 _—p* "Fss—m
- 1— 5 yssHizl e
a=1

6.7 Proof of Proposition 7

The first order conditions of maximization problem (9) are given by equation 17). Notice that
this condition can be understood as a difference equation on F; of order 2(A — 1) + 1 because
{Ft_(n_l), vy By 1, Fy, Fyaq, ---Ft+(n—1)} appear on it. For interior solution this condition can be

written as the following difference equation system, Vt

n—1 n—a

n

oyl (F; _ . .

Uy = ZPTQ é}(?tt)ﬁ(ﬂ—l, Fis, -'-Ft—(a—l))_z p* Zﬁjyf:j (Feu )00 (Frrj1, Froj—2, - Frj—(a-1) ¢ =0
a=1 a=1 7=1

(19)
So, second order conditions associated to maximization problem (9) can be analyzed using the

Hessian matrix given by

[ a\I’t O\I’t O\I’t T
OF; OF11 T 0F ()
0V OV 0V i1
OF; OF 4 T 0F(no)
OVittn—1) OV¥ipfn_) OV (n—1)
i OF; OFi1 T 0F -1y

We know that any solution satisfying first order condition (17) and for which the hessian is not a
negative definite cannot be a maximum.

In the stationary solution all the elements in the diagonal are given by

OV iy,
OF 1k

AL
FSS 8Ft

FSS
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where

O
OF,

aaFygs s +Zﬁj Z yss - a_j)2 (sls

j=1 a=j+1

Z
— t ayss a = a—j (_ 2
=5 Zapz +Zy 525 ( I
_: J=1
|5

FSS

2,.a . .
Notice that if Y, %—ggﬁ + y% Z?;% peI (—p7)2} 2 >0, then the principal minor of order one

in the Hessian is not negative and we can state that the stationary solution is not optimal.l

6.8 Proof of Proposition 4

The value of the fishery harvested with a pulse of length L under imperfect selectivity is given by

(7). Taking partial derivative we obtain

_ _ L
aVLIS _ (L - 1) BL e 52(L 1 Zprawae—(a—l)m

08~ (- ot

Doing the same over V1% defined in Proposition 6
8‘/;{9S 1 - a ja 1 aFSS ayss a 8¢gs
85 - m;ysﬁbss—‘_l Z|:8Fss 88 ssans:|
1 = a .a 1 ans Wss a a,a ja
= T2 Zyssqbss + Z |: ss — P Yss ss:|
(1 - 5) a=1 1 - 8F‘ss
1 - a ia 1 aFSS 8yss¢
RITEET e NP P

Assuming that y%¢%, is an increase function, proposition (4) shows that 9Fs/08 < 0. This implies

OVS{SS 1 OFSS Oyl P2, 1 & o La
E E E 20
8ﬁ 1 — yss¢ 8Fss 1 5)2 a=1 yss¢ss ( )
Now, let us assume that for a given 3, both solutions are equivalent, Vpﬁse VSISS . This implies

that

L
St = L S et
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Taking this into account (20) can be expressed as

Vs R Y 1L (=8B S o aim
o< e ssz(l_ﬁ)Q( maLi e
1 g (1-B)? oV[S
T WA -G (L-1)pE 4 pAED 9P
BL_I (1 . BL) aVI{S

(14 8) [(L—1)pL=2+ p2L-D] 93

We can prove that the factor multipling 8VLIS /OB < 1 by contradiction. Assume 8VLIS JOB > 1
then it should holds that

AT (1= B5) > (14 8) [(L— 1) B-2 4 g2
ﬁL_l _ BZL—l > (L _ 1) 5[/—2 + 52(11—1) + (L _ 1) 5[/—1 + 52L—1’
(2— L)l =327 —(L—-1)pL72 > 0.

But this is not true because 1 < L < n.
aVIS aVIS

pulse

@ ia . . \
Therefore, whenever y%,¢%; is an increase function o5 LR ]

27



